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Trend Analysis for Climatic Data
Naveena K

Centre for Water Resources Development and Management (CWRDM), Kozhikode -
673571, Kerala, India.
Email: naveenak@cwrdm.org

Introduction:

Climate change is a long-term continuous change in average weather conditions either increase
or decrease pattern. Climate variability looks at changes that occur within smaller timeframes,
such as a month, a season or a year. Random fluctuation in climate patterns makes important
to study both long-term and short term moments to conclude precisely about climate. During
changing climatic scenarios, the identification of weather movements precisely is very essential
for planning and implementation of various activities, including agricultural practices,
cropping system, mitigation of landslides and control of flood damages. Extremities in weather
events make a greater impact on the lives of the individuals. So, it is important to determine

their potential long term pattern (trends) accurately.

In order to detect trends in weather parameters, several statistical methods have been put to
practice. The non-parametric tests like Mann-Kendal test, Modified Man Kendal test;
innovative trend analysis are commonly using methods for trend analysis using weather
information. Linear regression method is one of the parametric methods for trend analysis, but

due to its predefined assumption rigidity limits the usage for long term moment analysis.

Mann-Kendall test (MK test)

Mann-Kendall test is the nonparametric test to detect the long-term moment in the time
series. Test statistic for the MK test will be calculated using the sign of differences rather than
the values of the random variables so the trend value will be least affected by nonlinearities
compared to the parametric test like linear regression (Sanjeevaiah et al, 2021).

The hypothesis considered under the test is:
Null Hypothesis (Ho) = There is no presence of a monotonic trend in the time series.

Alternative Hypotheses (Ha) = There is a presence of a monotonic trend that may be decreasing

or increasing in the time series.

The Mann-Kendall test statistic defined by S is calculated using the formula:



S= nz—:l zn: sign(x; — x;) T ¢

i=1 j=i+1

Where x; and x; are the annual values in years j and i, j>i respectively, and n is the number of

observations. The value of sign(x; — x;) is computed as follows:

1Lf(xj—xl) >0
sign(xj —x;) =2 0if (xj—x)=0 ....(3)
-1 lf (x] —xl-) <0

For large samples (n>10), the test is conducted using a normal approximation with the mean
(E[SDand the variance (Var(S)) as follows:

E[S] = 0
q
1
Var(s) = = |n(n— D(@n+5) - Z ty(t, —1)(2ty +5)| o (@)
p=1

Here q is the number of tied groups, and t, is the number of data values in the p™ group. The

values of S and Var(S) are used to compute the test statistic Z as follows:

Ss—-1
——Var(S) ifS>0
Z=+0 ifS=0 R )
S+1

Vo) if S<0

The presence of a statistically significant trend is evaluated using the Z value. The upward trend
in the series will be indicated by a positive Z value and the downward trend by a negative Z
value. Ho is rejected if the absolute value of Z is greater than Zi..2, where Z1.42 is obtained
from the standard normal cumulative distribution tables. The Z values were tested at 0.05 level

of significance.

The monotonic relationship between lag values x; and Xi+1 is measured by Kendall’s tau
correlation coefficient (1)
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Wallis and Moore Phase-Frequency test (WM test)

The Wallis and Moore phase-frequency test is used to test the independency in series
(Wallis & Moore, 1941). The hypothesis considered under the test is,

Ho: The series is random in nature, against the
Ha: The series is nonrandom in nature.

The test statistic in the ordered series (n>30) is

)
16n — 29
V90

Where h is the number of phases. If n<30 then a correction of 0.5 is included in the

Z

(D)

denominator.
Modified Man-Kendall test (MMK test)

Even though The Mann-Kendall test is the commonly used statistical tool for testing monotonic
trends, it assumes that observation should be free from autocorrelation. The positive
autocorrelation in the series will mislead the trend results (Yue et al, 2002) from the MK test
by increasing the probability of significant trend. This can be corrected by Modified Mann—
Kendall test (Yue and Wang 2004), which removes the linear trend component from the series
and then, the effective sample size is calculated using the lag-1 serial correlation coefficient.
The variance correction using an effective sample size will eliminate the effect of
autocorrelation present in the time series (Sanjeevaiah et al, 2021). So, in this method variance
of the MK test will be replaced by modified variance and the remaining procedure will proceed
the same to identify the trend. The accuracy of the MMK test is higher than the original MK

test with respect to the empirical significance level.
The modified variance (V(S)*) using Effective Samples Size is given by:
. n
V(s) = V(S)'F e e (8)

Where n is the Actual sample size (ASS), n/n* is the correction Factor (CF) and n* is the

Effective Sample Size.

The Effective Sample Size can be computed by:



n
n* = — 9)
1+42p, X321(1 - )

Where p, is the lag-k autocorrelation coefficient which can be estimated by sample

autocorrelation for kth lag (oy).

The MMK test was done using “modifiedmk” package of R software.
Sen’s slope estimator

The Sen’s nonparametric method is used to estimate the unit changes per year in the

series. Here the trend in the series can be assumed to be linear.

F(t) =Qt+B L))

Where B is a constant, t is time and Q is the slope. The slopes of all data value pairs will be

calculated to estimate the Q using the equation:

xj—xk

Qi = ﬁ ......... (11)

Where X; and x are data values at time j and k (j>k) respectively. If there are n values x; in the
time series, there will be as many as N = n(n-1)/2 slope estimates Qi. The Sen’s estimator of
slope is the median of these N values of Qi. The N values of Q; are ranked from the smallest to

the largest and the Sen’s estimator is,

Q= Q[M] ,ifNisoddor (12)

Q= %(Q[Q] + Q[M]) ,ifNiseven. (13)

Illustration for trend analysis
Examination of spatiotemporal dynamics of rainfall pattern of Wayanad region of Kerala

Wayanad district of Kerala is one of the high altitude and high rainfall regions of northern
Kerala, where the majority of livelihoods depend on agricultural activities. Recent changes in
global climate making a greater impact on the distribution of rainfall, so it’s important to
identify potential rainfall trends accurately. For the study, we have considered two gauging

stations like Mananthavady, and Vythiri for 33 years of annual rainfall data of all the months



and all the seasons (South-West Monsoon; SWM (June to September), North East Monsoon;

NEM (October to November), winter (December to February), and summer (March to May)).

The statistical trend analysis of monthly, seasonal and annual rainfall (mm) from 1986 to 2018
is presented in Table 1. Wald-Wolfowitz Test of randomness results indicates January (2.83),
February (1.98), March (1.98), and April (2.41) in the Manthawadi region, January (3.26),
February (2.40), and November (1.98) rainfall in Vettari showing Z-statistic value more than
Z-critical value (1.96) for 5 % level of significance and indicates the significant dependency of
the lag period. Block bootstrapping in Mann—Kendall trend test results confirms that Wayanad
is under a downward rainfall trend in almost all the months, seasons, and annual rainfall. Where
both the stations of the Wayanad region showing a significant downward trend for Post
monsoon season rainfall. An average every year 14 mm post-monsoon rainfall is reducing in
Wayanad (Mananthavady (-8.56 mm), Vythiri (-10.94 mm), and Ambalavayal (-8.50 mm)).
Finally, when we compared the last 33-year northwest rainfall, even the number of rainy days
(> 2.5 mm/day) in post-monsoon also taken the negative trend ((Mananthavady (Z=-1.75), and
Vythiri (Z=-1.42)). About 63 per cent reduction in the number of rainy days was observed
during last 10 years compared to previous past years. This has a significant effect crop
productivity especially on the Coffee Production in the Wayanad region, as Coffee is the
predominantly grown cash crop. Reduction in North-East monsoon increases the stress period
of coffee crop (reduction in moisture level at the root zone), which results in early maturity of
the crop (Awati et al, 2016). This stress along with summer showers create early flowering or
irregular flowering in Coffee. Establishment of new clearings is difficult without the
supplementary irrigation in case of no North-East Monsoon. Fear of Mealy bugs and sucking

pests infestation will be more if there is a reduction in N-E monsoon.

Table 1: Rainfall trend analysis for waynad region, Kerala



WM- MK-test | MMK | Sen’s | WM- MK-test | MMK | Sen’s

test test Slope | test test Slope

Mananthavady Vythiri
Jan 2.83** | -1.17 -1.29 | 0.00 |3.26** |-0.76 -0.88 0.00
Feb 1.98* |-1.19 -1.23 | 0.00 |2.40* |-1.30 -1.16 0.00
Mar 1.98* |-0.11 0.10 |0.00 |1.56 0.23 0.27 0.074
Apr 2.41*%* | -1.79 -1.84 |-334 |0.14 -1.18 -1.29 -4.92
May 1.13 0.07 -1.78 |-0.25 | 0.57 -0.54 -0.367 |-1.38
Jun 0.99 -0.29 -0.18 | -2.9 0.99 -1.15 -0.76 -10.21
Jul 0.70 -0.33 -0.20 |-2.75 |1.84 -1.00 -0.90 -11.74
Aug 0.14 -0.29 -0.34 |-2.04 |0.71 -1.25 -1.08 -7.25
Sep 0.70 0.17 020 |0.68 |0.71 -0.31 -0.30 -2.30
Oct 1.84 -1.78 -1.67 | -6.03 |0.14 -1.60 -1.69 -7.72
Nov 0.15 -1.61 -1.64 | -2.49 | 1.98* -2.05* -2.13* | -3.71
Dec 0.70 -0.89 -0.97 |-0.52 |1.55 -1.56 -1.93 -3.25
SWM 0.28 0.01 0.05 |0.00 |0.71 -0.45 -0.37 -11.01
NEM 0.29 -2.06* - -8.56 | 1.84 -2.34* -2.15* | -10.94

1.98*

Winter | 0.28 -1.14 -1.13 | -0.96 |1.56 -1.71 -2.04* | -3.81
Summer | 0.28 -0.99 -1.26 |-0.28 |0.14 -1.25 -1.23 -0.15
Annual | 1.13 0.015 -0.01 001 |0.71 -0.73 -0.623 | -18.50

Conclusion

Recent changes in global climate making a greater impact on the distribution of weather series,
so it’s important to identify potential trends accurately. Modified Mann—Kendall test
outperform compare to Mann-Kendal test during the series under consideration exhibit

significant auto correlation.

Code for trend analysis

##Mann-Kendall Test for Trend in R
Data<-read.csv(file.choose(),header=TRUE)
install.packages(“trend™)

library(trend)

##H#H##Mann-Kendall Test

mk.test(x, alternative = "two.sided")
#Magnitude of trend

#Sen's slope

sens.slope(x)

#Seasonal trend
datas<-read.csv(file.choose(),header = TRUE)
data<-ts(datas$Rainfall,start=c(1890,1),end = ¢(2008,12),frequency = 12)



smk.test(data)

#Test for the Randomness

##Wallis and Moore phase-frequency test

wm.test(x)

#Modified Mankendal test

install.packages("modifiedmk™)

library(modifiedmk)

#Mann-Kendall Test applied to Trend Free Pre-Whitened Time Series Data in Presence of
Serial Correlation Using Yue and Pion (2002) Approach

tfpwmk(x)

#Modified Mann-Kendall Test For Serially Correlated Data Using Hamed and Rao (1998)
Variance Correction Approach

mmkh(x)

Where X is the series under consideration for trend analysis
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1. Introduction:

Time series refers to an ordered sequence of values of a variable recorded at equally spaced
time intervals. The process of analysing such data to extract meaningful insights is called time
series analysis (TSA). The primary objective of time series modeling is to systematically study
the historical behaviour of a variable to identify underlying patterns, trends, and seasonality—
so that future values can be predicted. This makes time series forecasting a powerful tool for
decision-making, as it enables researchers and policymakers to anticipate upcoming events

based on past trends.

Time series analysis has been widely applied in fields like business, finance, economics,
meteorology, hydrology, and engineering. In agriculture, and particularly in abiotic stress
management, TSA plays a crucial role. Abiotic stresses such as drought, heat waves, cold
spells, salinity, and floods often show periodic or trend-based behaviour over time.
Understanding these patterns through time series forecasting allows for timely interventions,
resource planning, and early warning systems to safeguard crops and improve resilience. For
instance, forecasting future drought probabilities based on historical rainfall data, or predicting
heat stress periods during crop flowering stages, are critical applications. In such cases, time
series models such as ARIMA, SARIMA, Exponential Smoothing, and machine learning-
based models (for example, LSTM) are employed to capture both short- and long-term
dependencies in the data.

One of the essential properties of time series data is the dependence among successive
observations, which distinguishes it from random or cross-sectional data. The accuracy and
reliability of forecasts depend on both the quality and length of historical data available.
According to Box and Jenkins pioneers of classical time series modelling minimum of 50

observations is generally recommended for robust model development and validation.



Thus, in the context of climate-resilient agriculture, TSA provides a scientific and data-driven
foundation to tackle abiotic challenges by enabling forecasting, preparedness, and adaptation

planning, ultimately contributing to more sustainable farming systems.

A time series containing records of a single variable is termed as univariate. But if records of
more than one variable are considered, it is termed as multivariate. A time series can be
continuous or discrete. In a continuous time, series observations are measured at every instance
of time, whereas a discrete time series contains observations measured at discrete points of
time. For example, temperature readings, flow of a river, concentration of a chemical process
etc. can be recorded as a continuous time series. Usually in a discrete time series the
consecutive observations are recorded at equally spaced time intervals such as hourly, daily,
weekly, monthly or yearly time separations. The variable being observed in a discrete time
series is assumed to be measured as a continuous variable using the real number scale.
Furthermore, a continuous time series can be easily transformed to a discrete one by merging

data together over a specified time interval.

Mainly there are two approaches of TSA for forecasting viz., (i) Prediction of present
series based on behavior of past series over a period of time called as the extrapolation method.
(ii) Estimation of future phenomenon by considering the factors which influence the future
phenomenon, i.e., the explanatory method (Diebold and Lopez, 1996). Statistical forecasting
is the likelihood approximation of an event taking place in future. For example, in agriculture,
farmers are generally interested in aspects like production, demand, consumption, and price of
an item, etc., and all of these events, change with time. Statistical forecasting models are widely
used for examining behavior of such time series data. So, forecasting is needed in almost all
sectors viz. business production planning, multistage management decision analysis, staff

scheduling, various management problems, crop yield and acreage forecasting, etc.

One simple method of describing a series is that of classical decomposition. The
crudest form of forecasting methods called the moving averages method. As an improvement
over this method which had equal weights, exponential smoothing methods came into being
which gave more weights to recent data. Exponential smoothing methods have been proposed
initially as just recursive methods without any distributional assumptions about the error
structure in them, and later, they were found to be particular cases of the statistically sound

Autoregressive Integrated Moving Average (ARIMA) models. One of the most important and



widely used classical time series model is the Autoregressive Integrated Moving Average
(ARIMA) model. The popularity of the ARIMA model is due to its linear statistical properties
as well as the popular Box-Jenkins methodology (Box and Jenkins 1970) for model building
procedure. A good account on exponential smoothing methods is given in Makridakis et al.
(1998). A practical treatment on ARIMA modeling along with several case studies can be found
in Pankratz (1983). A reference book on ARIMA and related topics are rigorously explained
in Box et al. (1994).

2. Components of TS:

One simple method of describing a series is that of classical decomposition. The notion is that
the series can be decomposed into four elements: Trend, Cyclical, Seasonal and Irregular
components. The general tendency of a time series to increase, decrease or stagnate over a long
period of time is termed as Secular Trend or simply Trend. Thus, it can be said that trend is a
long term movement in a time series. For example, series relating to population growth, number
of houses in a city etc. show upward trend, whereas downward trend can be observed in series
relating to mortality rates, epidemics, etc. Seasonal variations in a time series are fluctuations
within a year during the season. The important factors causing seasonal variations are: climate
and weather conditions, customs, traditional habits, etc. For example sales of ice-cream
increase in summer, sales of woolen cloths increase in winter. Seasonal variation is an
important factor for businessmen, shopkeeper and producers for making proper future plans.
The cyclical variation in a time series describes the medium-term changes in the series, caused
by circumstances, which repeat in cycles. The duration of a cycle extends over longer period
of time, usually two or more years. Most of the economic and financial time series show some
kind of cyclical variation. For example a business cycle consists of four phases, viz. i)
Prosperity, ii) Decline, iii) Depression and iv) Recovery. Irregular or random variations in a
time series are caused by unpredictable influences, which are not regular and also do not repeat
in a particular pattern. These variations are caused by incidences such as war, strike,
earthquake, flood, revolution, etc. There is no defined statistical technique for measuring
random fluctuations in a time series. Considering the effects of these four components, two
different types of models are generally used for a time series viz. Multiplicative and Additive

models.

Multiplicative model: Y (t) = T'(t) * S(t) = C(t) * I(t)



Additive model: Y(t) = T(t) + S(t) + C(t) + I(t)

Where, Y(t) is the original series, T(t) is the trend component, S(t) is the seasonal component,
C(t) is the cyclic component and I(t) is the irregular component. Multiplicative model is based
on the assumption that the four components of a time series are not necessarily independent
and they can affect one another; whereas in the additive model it is assumed that the four
components are independent of each other.

2.1 Trend analysis

The trend analysis was done in three steps. The first step is to detect the presence of increasing
or decreasing trend using the nonparametric Mann-Kendall test, second step is estimation of
magnitude or slope of a linear trend with the nonparametric Sen’s Slope estimator, and third

one is to develop regression models.
Calculation of the Mann-Kendal test
The Mann-Kendall test statistic S is calculated using the formula that follows:
N-1 N
S = Z z sgn(x; — x;)
i=1 j=i+1

Where x; and x; are the annual values in years j and i, j>i respectively, and N is the number of

data points. The value of sgn(x; — x;) is computed as follows:

1if (xj —x;) >0
sgn(xj - xi) =+ 0if (x]- - xl-) =0
—1if (xj—x;) <0

This statistic represents the number of positive differences minus the number of negative
differences for all the differences considered. For large samples (N>10), the test is conducted

using a normal approximation (Z statistics) with the mean and the variance as follows:

E[S]=0



q

Var(S) = % N(N —1)(2N +5) — Z t,(t, —1)(2t, +5)
p=1

Here q is the number of tied (zero difference between compared values) groups, and t, is the
number of data values in the p group. The values of S and VAR(S) are used to compute the

test statistic Z as follows

S—-1

(—1f5>0
JVar(S)

Z=<x0 ifS=0
S+1

JVar(S)

The presence of a statistically significant trend is evaluated using the Z value. A positive value

ifS<0

of Z indicates an upward trend and its negative value a downward trend. The statistic Z has a
normal distribution. To test for either an upward or downward monotone trend (a two-tailed
test) at a level of significance, Ho is rejected if the absolute value of Z is greater than Zi-.»,
where Z1., is obtained from the standard normal cumulative distribution tables. The Z values
were tested at 0.05 level of significance.

Sen’s slope estimator

To estimate the true slope of an existing trend (as change per year) the Sen's nonparametric
method is used. The Sen’s method can be used in cases where the trend can be assumed to be

linear.

f(&)=Qt+B

Where Q is the slope, B is a constant and t is time. To get the slope estimate Q, the slopes of
all data value pairs is first calculated using the equation:

xj—xk

Qi = i~k

Where X; and xk are data values at time j and k (j>k) respectively. If there are n values x; in the
time series there will be as many as N = n(n-1)/2 slope estimates Qi. The Sen’s estimator of
slope is the median of these N values of Qi. The N values of Qi are ranked from the smallest to

the largest and the Sen’s estimator is



Q= Q[M] ,ifNisoddor Q = %(Q[g] + Q[MD , IF N is even.
2 2 2

To obtain an estimate of B in Equation f(t) the n values of differences xi — Qt; are calculated.

The median of these values gives an estimate of B.
Modified Mann-Kendall test

the Mann-Kendall test is the commonly using statistical tools for testing monotonic upward or
downward trend of the variable of interest over time. The positive auto correlation in the series
will miss lead the trend results (Yue et al, 2004) from Mann-Kendal test. Mann-Kendall test
show significance results even though no trend in the series. The null hypothesis HO: there has
been no trend in given series was tested against there has been a trend in given series. the
hypothesis where were no trend, was rejected when the computed Z-transformed test Statistic

value was greater in absolute value than the critical value Z1-95q, at 95% level of significance.
Illustration: Trend analysis

The Manthawadi, station of waynad (11.8014°N, 76.0044°E) district considered for the study.
The daily rainfall data for the period 1987-2018 (33 years) is collected from India
Meteorological Department, Pune. The methods adopted to study the characteristics of rainfall
in this region are as follows: Mann—Kendall trend test (MK-test), Wald-Wolfowitz Test of
randomness (WWTR), Sen’s slope estimator and Block bootstrapping in Mann—Kendall trend
test (BBMK).

Results

The statistical trend analysis of monthly, seasonal and annual rainfall (mm) from 1986 to 2018
is presented in Table 1. The data of the 12 months were combined into four seasons, south-
west monsoon (June to September), northeast monsoon (October to November), winter
(December to February), and summer (March to May). Wald-Wolfowitz Test of randomness
results indicates January (2.83), February (1.98), March (1.98), and April (2.41) in the
Manthawadi region showing Z-statistic value more than Z-critical value (1.96) for 5 % level of
significance and indicates the significant dependency of the lag period. Block bootstrapping in
Mann—Kendall trend test results confirms that Wayanad is under a downward rainfall trend in

almost all the months, seasons, and annual rainfall.



Table 1: Trend analysis of Manthawadi region

Randomness test | MK- test BBMK Sen’s
test Slope
Mananthavadi
Jan 2.83** -1.17 -1.29 0.00
Feb 1.98* -1.19 -1.23 0.00
Mar 1.98* -0.11 0.10 0.00
Apr 2.41** -1.79 -1.84 -3.34
May 1.13 0.07 -1.78 -0.25
Jun 0.99 -0.29 -0.18 -2.9
Jul 0.70 -0.33 -0.20 -2.75
Aug 0.14 -0.29 -0.34 -2.04
Sep 0.70 0.17 0.20 0.68
Oct 1.84 -1.78 -1.67 -6.03
Nov 0.15 -1.61 -1.64 -2.49
Dec 0.70 -0.89 -0.97 -0.52
Annual 1.13 0.015 -0.01 0.01
SW-Monsoon 0.28 0.01 0.05 0.00
Post-monsoon 0.29 -2.06* -1.98* -8.56
Winter 0.28 -1.14 -1.13 -0.96
Pre-monsoon 0.28 -0.99 -1.26 -0.28

Code for trend analysis

##tMann-Kendall Test for Trend in R
Data<-read.csv(file.choose(),header=TRUE)

install.packages(“trend™)

library(trend)

#####Mann-Kendall Test

mk.test(x, alternative = "two.sided")

#Magnitude of trend

#Sen's slope
sens.slope(x)

#Seasonal trend

datas<-read.csv(file.choose(),header = TRUE)
data<-ts(datas$Rainfall,start=c(1890,1),end = ¢(2008,12),frequency = 12)

smk.test(data)

#Test for the Randomness




##Wallis and Moore phase-frequency test

wm.test(x)

#Modified Mankendal test

install.packages("modifiedmk™)

library(modifiedmk)

#Mann-Kendall Test applied to Trend Free Pre-Whitened Time Series Data in Presence of
Serial Correlation Using Yue and Pion (2002) Approach

tfpwmk(x)

#Modified Mann-Kendall Test For Serially Correlated Data Using Hamed and Rao (1998)
Variance Correction Approach

mmkh(x)

Change-point detection

#Pettitt's test

pettitt.test(x)

##Buishand Range Test

br.test(x)

#Buishand U Test

bu.test(x)

#Standard Normal Homogeinity Test

snh.test(x)

3. Moving averages and Exponential smoothing methods
3.1. Moving Average (MA)

3.1.1. Single Moving averages: Moving average is a numerical average of last N data points.

In general the MA is defined as follows;

M 1] _ Yt + Yt—l + et Yt—N+1
t N

Where, Ytis the observed time series at time t, At each successive time period the most recent
observation is included and the farthest observation is excluded for computing the average.

Hence the name ‘moving’ averages.
3.1.2: Double moving averages

The simple moving average is intended for data of constant and no trend nature. If the data
have a linear or quadratic trend, the simple moving average will be misleading. In order to
correct for the bias and develop an improved forecasting equation, the double moving average
can be calculated. To calculate this, simply treat the single moving average time as individual
data points and obtain a moving average of these averages.



3.2. Exponential Smoothing methods
3.2.1: Simple exponential smoothing (SES)

Simple exponential smoothing (Brown 1959) is best applied to time series that do not exhibit
trend and do not exhibit seasonality. Its only smoothing parameter is a. The smoothing
parameter a is used to control the speed which the updated forecast will adapt to local level (or
mean) of the time series. This is also known as single exponential smoothing. It is used for
short-range forecasting. The model assumes that the data fluctuates around a reasonably stable

mean (no trend or consistent pattern of growth).
Fipi=F+a;—F)

F; 1 is the forecast of current period, based on forecast of most recent period F; and smoothing
constant a. We have to choose the smoothing constant « in such a way that the model should

yield the lowest MSE value.
3.2.2: Double Exponential Smoothing (Holt)

It is best applied to time series that have a linear trend but does not exhibit seasonal behavior.
The smoothing constant o is used to control speed of adaptation to local level and a second
smoothing constant [ is introduced to control degree of local trend carried through to multi-
step-ahead forecast periods. Holt's model is more general than Brown's model because its
smoothing parameters (level and trend) are not constrained by each other's values as in case
with Brown's One-parameter Linear Trend Method. It is also known as Holt’s Exponential

smoothing with Additive Trend.
3.2.3: Triple Exponential Smoothing (Winters)

This method is recommended when seasonality exists in the time series data. This method is
based on three smoothing equations — one for the level, one for trend, and one for seasonality.
It is similar to Holt’s method, with one additional equation to deal with seasonality. In fact
there are two different winter’s methods depending on whether seasonality is modeled in an
additive or multiplicative way.
4. Stationarity process of TS:



The basis of time series analysis is to check whether the data is stationary or not. The time
series is said to be stationary if the mean, variance and auto-covariance (at various lags) does

not change regardless of what is the point measure, i.e. it fixed over time (Fig. 1).
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Figure 1: Sample path of a stationary process

Moreover, the time series {rt} is said to be strictly stationary if the joint distribution of rtl ,...,
rtk is identical to that of rtl-s ,..., rtk-s for all choice of t1, t2,., tk and all choice of time lag s.
In other words, strict stationarity requires that the joint distribution of rtl ,..., rtk is constant
under time shift. A weaker version of stationarity is often assumed. A time series {rt} is weakly
stationary if both the mean of rt and the covariance between rt and rt—s are time-invariant,

where s is an arbitrary integer. More specifically, {rt} is weakly stationary if:

1) E(rt) = y, which is a constant , for all t .
2) Cov(rt , rt—s) = ys, which only depends on all time t and lag s .

A time series is said to exhibits non-stationarity if the underlying generating process does not
have a constant mean and/or a constant variance. ~ As an example, the series given below
displays considerable variation, especially since 2001, and a stationary model does not seem to

be reasonable (Fig. 2).
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Figure 2: Sample path of a non-stationary process



A statistical test for stationarity is the most widely used Dickey Fuller test. To carry out the
test, estimate by OLS the regression model. If the AR parameter is nearly zero the original
series needs differencing and if AR parameter is less than zero then series is said to be already

stationary.
5. Autocorrelation Function (ACF)

The most important tools for study dependence is the sample autocorrelation function. The
correlation coefficient between any two random variables X, Y, which measures the strength
of linear dependence between X, Y, always takes values between -1 and 1. If stationarity is
assumed and autocorrelation function pk for a set of lags K = 1,2, ... is estimated by simply
computing the sample correlation coefficient between the pairs, k units apart in time. The
correlation coefficient between Yt and Y« is called the lag-k autocorrelation or serial
correlation coefficient of Y and denoted by the symbol, which under the assumption of weak

stationary, defined as:

T _ _
Z(Yt _Y)(thk _Y)
p, =L =2+ for k=12,......where, 7, =cov(Y,,Y, )

T _
Z(Yt _Y)Z Yo
t-1

Since p, is a correlation, it has the simple properties:

a)-1< p <1
b) o = P
) po=1

5.1. Partial Autocorrelation Function (PACF)

Partial autocorrelations are used to measure the degree of association between Yiand Y.k when

the y-effects at other time lags 1,2,3,...,k-1 are removed.

6. Autoregressive (AR) Model

An observed time series Y, can be elucidate by linear function of its previous

observation, Y;_, and some unexplainable random error €,. Let us consider equally spaced



time series Y, Y;_4, Y;_, ..., over an equal period of time say t, t-1, t-2, ..., then Y, can be
defined as;

Ve =0V 1+ @Y o+ + 0¥, t &

If we represent the series in Backshift operator format, then it becomes

¢(B) =1-0,(B) — ®,B* — ---— ¢,B?
Where, B is the backshift BY; = Y;_, then the AR model can be written as @(B)Y; = &;.
6.1. Moving Average (MA) Model

Another important model of great practical utility in the frame work of time series is finite
moving average model. The MA (g) model is defined as;

Yo = e—016 1026, — - —0584
In terms of backshift operator, the MA model of order q is given as follows;
0(B) =1—6,(B) — 6,82 — - — 6,81
Where B is the backshift operator and the moving average model can be expresses as;
Y; = 0(B)&;
6.2. Autoregressive Moving Average (ARMA) model

In order to obtain the higher efficiency and greater flexibility in modeling we combine
both autoregressive and moving average processes together. These models are called as "mixed
models™ and are represented as ARMA (p,q) models

Yt = ®1Yt—1 + ¢2Yt—2 + -+ Q)th—p + gt_glgt—l_ezgt—z — e _gqgt—q

Generally, in Backshift operator it is expressed as follows;

D(B)Y, = 0(B)e;



6.3. Autoregressive Integrated Moving Average (ARIMA) model

ARIMA is one of the most traditional methods of non-stationary time series analysis.
In contrast to the regression models, the ARIMA model allows to explain by its past, or lagged
values and stochastic error terms. ARIMA modes are also called as mixed family of models.
Though, the mixed models make forecasting process more complicated, but these models yield
accurate forecasts. The pure models mean, the models which contains only AR or MA
components, but not both. The term integration (l) is the reverse process of differencing, to
produce the forecast. An ARIMA model is represented as ARIMA (p d q). An ARIMA model

is expressed as follows;
@(B)(1— B)?Y, = 0(B)e;
Vi =01V 1 + 0.V o+ -+ OpYep + 6016 1—0,6 5 — - —0584

Y; is the time series, @;and 6; are model parameters, ¢, is random error, p is number of
autoregressive terms, g is number of moving terms and B is the backshift operator such that,
BY; = Y,_; (Box and Jenkins 1994, Brockwell and Davis 1996).

The main stages in setting up a Box-Jenkins forecasting models are described below:
6.3.1. Identification:

The foremost step in the process of modelling is to check for the stationarity of the
series, as the estimation procedures are available only for stationary series. If the original series
is non- stationary then first of all it should be made stationary. The next step in the identification
process is to find the initial values for the orders of seasonal and non-seasonal parameters, p,
g, and P, Q. They could be obtained by looking for significant autocorrelation and partial
autocorrelation coefficients. Say, if second order auto correlation coefficient is significant, then
an AR(2), or MA(2) or ARMA(2) model could be tried to start with. This is not a hard and fast
rule, as sample autocorrelation coefficients are poor estimates of population autocorrelation
coefficients. Still they can be used as initial values while the final models are achieved after
going through the stages repeatedly. The estimated ACF and PACF are used to measure the
statistical relationships within a data series in a simple way and they give an idea about the

patterns and relationship in the available data. This relationship is expressed in the form of an



equation. The basic thinking about the technique is that each process which occurs on a time
scale has its own theoretical ACF and PACF. As the time series understudy is a particular
realization of the process, the theoretical ACF and PACF must resemble the estimated ACF
and PACF of the data.

Table 2: Pattern of ACF and PACF for AR, MA and ARMA processes

Process ACF PACF
AR Decays Towards zero Cut Off to zero (lag length of last
spike is the order of the process)
MA Cut Off to zero (lag length of last Decays towards zero
spike is the order of the process)
ARMA Tails off towards zero Tails off towards zero

6.3.2. Estimation of parameters

At the estimation stage, the coefficients of the identified models are estimated.
Generally, method of least squares is used to estimate the parameters which utilizes the concept
of minimizing the sum of squares due to residuals. At the estimation phase, stationarity and
invertibility are checked for the coefficient obtained at the same time checking is also done in
order to know, whether the model fit the data satisfactorily or not. The importance of the
coefficients is measured by their statistical significance. Each estimated coefficient has a
sampling distribution with a certain standard error that is to be estimated. Most ARIMA
estimation routine automatically tests the hypothesis that the true coefficient is zero. If the
coefficients are highly correlated the estimates are of poor quality. To check the closeness of
the fit, Root Mean Square Error (RMSE), Mean Absolute Percentage Error (MAPE) and some

more were calculated.
6.3.3. Diagnostic checking

Different models can be obtained for various combinations of AR and MA individually

and collectively. The best model is obtained with following diagnostics.

(@) Low Akaike Information Criteria (AIC)/ Bayesian Information Criteria
(BIC)/Schwarz-Bayesian Information Criteria (SBC)

AlC is given by (-2 log L + 2 m) where m=p+ g+ P+ Q and L is the likelihood function.
Since -2 log L is approximately equal to {n (1+log 27) + n log 6°} where o is the model MSE,



Thus AIC can be written as AIC={n (1+log 2r) + n log 6 + 2 m} and because first term in this
equation is a constant, it is usually omitted while comparing between models. As an alternative

to AIC, sometimes SBC is also used which is given by SBC = log 6° + (m log n)/n.
(b) Plot of residual ACF

Once the appropriate ARIMA model has been fitted, one can examine the goodness of
fit by means of plotting the ACF of residuals of the fitted model. If most of the sample
autocorrelation coefficients of the residuals are within the limits £1.96 / N where N is the
number of observations upon which the model is based then the residuals are white noises
indicating that the model is a good fit.

(©) Non-significance of auto correlations of residuals via Portmonteau tests (Q-tests

based on Chi-square statistics)-Box-Pierce or Ljung-Box texts

After tentative model has been fitted to the data, it is important to perform diagnostic
checks to test the adequacy of the model and, if need be, to suggest potential improvements.
One way to accomplish this is through the analysis of residuals. It has been found that it is
effective to measure the overall adequacy of the chosen model by examining a quantity Q
known as Box-Pierce statistic (a function of autocorrelations of residuals) whose approximate
distribution is Chi-square and is computed as follows:

Q=nY 1%

Where, summation extends from 1 to k with k as the maximum lag considered, n is the
number of observations in the series, r (j) is the estimated autocorrelation at lag j; k can be any
positive integer and is usually around 20. Q follows Chi-square with (k-m-1) degrees of
freedom where m-1 is the number of parameters estimated in the model. A modified Q statistic
is the Ljung-box statistic which is given by

g=n (n+2) Y. 1% g/ (n-j)

The Q Statistic is compared to critical values from Chi-square distribution. If model is
correctly specified, residuals should be uncorrelated and Q should be small (the probability
value should be large). A significant value indicates that the chosen model does not fit well.

7.  Forecasting



The final model is used to generate predictions about the future values and then calculate the

errors for the values obtained by developed model.

8. Illustration: To build the ARIMA Model

Yearly data on total oilseed production (MT) of India from 1950-51 to 2015-16 were collected
from agricultural statistics released by reserve bank of India (RBI), Government of India (RBI
statistics, 2016). The data from 1950-51 to 2010-11 were used for model building and 2011-
12 to 2015-16 were used for model validation. The Summary statistics and time series plot of
data under consideration is given in Table 2 and Fig.3 respectively.
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Fig.3: Time series plot of Oilseed production of India
Table 3: Summary statistics of Oilseed Production time series
Statistic Ollsee_d Statistic Oilseed Production
Production
Observation 66 Maximum 32.75
Mean 14.86 Standard Deviation 8.47
Median 11.05 Skewness 0.6
Mode 6.4 Kurtosis -1.04
Minimum 4.73 Coefficient of Variation (%) 56.98

The ARIMA model has been built for oilseed production of India. The original time series was
found to be non-stationary, so first differencing was done to make the stationary series time
series (Figure 4).
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Fig. 4. ACF and PACF time series Oilseed production of India

The adequate model i.e. ARIMA (110) has been identified based on Autocorrelation and Partial
Autocorrelation Function (ACF and PACF) plots (Figure 3). Auto correlation check for
residuals obtained from ARIMA model of Mango Production time series indicates the residuals
found to be non-autocorrelated as probability of chi-square is 0.45.

Table 4: Parameter estimation of ARIMA (1, 1, 0) by Maximum Likelihood Estimation
method for Oilseed Production time series

Parameter Estimate Standard Error  tValue  Approx. Pr > |t| Lag
MU 0.43 0.19 1.64 0.1012 0
AR1,1 -0.56 0.18 -4.39 <0.0001 1

Table 5: Model performance of Oilseed Production time series for training data set

Criteria ARIMA
MSE 5.33
RMSE 2.32
MAPE 11.64

Table 6: Forecasted value of Oilseed Production time series using ARIMA Model

Forecast

Year Actual ARIMA
2011 29.80 28.84
2012 30.94 31.54
2013 32.75 30.72
2014 27.51 31.88
2015 25.30 31.90
MSE 13.31
Criteria RMSE 3.64
MAPE 10.58




R code for ARIMA model

library(forecast)

library(tseries)

ye=read.table(file="clipboard",header=TRUE) ## import the data

ye.ts <- ts(ye, start=1890, end=2008, frequency=1) ## define into time series frame work
plot.ts(ye.ts, col="blue’, pch=2, Iwd=3) ##plot the series

acf(ye.ts,lag.max = 40,col="red’, pch=2, Iwd=3) ## plot acf and pacf
pacf(ye.ts,lag.max = 40,col="red’, pch=2, lwd=3)

stationarity=adf.test(ye.ts) ## check for stationarity

stationarity

ye.training=ye.ts[1:100] ## devide the data into training and testing set
ye.testing=ye.ts[101:119]

arimal=arima(ye.training, order=c(1,0,1),include.mean = TRUE) ## ARIMA fitting
arimal

arimal=arima(ye.training, order=c(1,0,1),include.mean = TRUE) ##

## install the package forecast

ye.fit=auto.arima(ye.training) ## auto fitting

ye.fit

res=arimal$residuals

res_test=Box.test(res, lag = 1, type = c("Box-Pierce", "Ljung-Box"), fitdf = 0) ##diangnostic
checking

res_test

accuracy(arimal)

fcast=forecast(arimal, h=19)

fcast

fitted.test1=data.frame(fcast) ##forecast the out of sample

fitted.test=fitted.test1[,1]

DMwR::regr.eval(ye.testing, fitted.test)
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1. Introduction

Time series analysis deals with observations that are collected over time in a definite order. As
the ordering of the data is important time series observations are usually dependent. Time series
has diverse applications, depending on which observations may be collected hourly, daily,
weekly, monthly, or yearly, and so on. The notation such as {Xt} or {Y1} (t=1,...,T) is used to
denote a time series of length T.

Time series can be viewed as a realization from a stochastic process and efforts are made to
understand the probability law that governs the observed time series. So that we can understand
the underlying dynamics, forecast future events, and control future events through suitable
interventions. As the time series contain finite number of observations, there can be infinite
number of stochastic processes that can generate the same observed data. However, some of
these processes are more plausible and admit better interpretation than others. As we have finite
number of observations, it is practically impossible to understand the underlying process
without imposing some constraints. The best possible way is to confine the probability law or
the data generating process to a specified family and then to select a member in that family that
is most plausible. The former is called modelling and the latter is called estimation, or more
generally statistical inference. When the form of the probability laws in a family is specified
except for some finite-dimensional defining parameters, such a model is referred to as a
parametric model. When the defining parameters lie in a subset of an infinite dimensional space
or the form of probability laws is not completely specified, such a model is often called a
nonparametric model. Time series analysis depends largely on proper statistical modelling.
While selecting a model one should take into account its, interpretability, simplicity, and
feasibility. The selected model should satisfactorily reflect the physical law that governs the
data. In time series analysis a simple model is usually preferable for explaining the data
generating process. The family of probability models should be reasonably large to include the
underlying probability law that has generated the data but should not be so large that defining
parameters can no longer be estimated with reasonably good accuracy. While choosing a



probability model, we should first extract the salient features from the observed data and then
chooses an appropriate model that possesses such features. After estimating parameters or
functions in the model, it is to be verified whether the model fits the data reasonably well and
looks for further improvement whenever possible. The use of different models is totally
dependent upon the purpose of analysis. For example, a model that provides a good fitting and

admits nice interpretation is not necessarily good for forecasting.

In this write-up we have focused on giving a brief idea regarding time series analysis. We also
provide an overview on both linear and non-linear time series models within the ARMA
framework and some frequently used parametric nonlinear models such as Autoregressive
conditional heteroscedastic (ARCH) and its generalised form GARCH models. Detailed
description of linear and non-linear time series models can be found in a book by Fan and Yao
(2003). At the end we have given R code for the use of linear and non-linear models on a real

data set for better understanding and acceptability.
2. Linear Time Series Models

The most popular class of linear time series models consists of autoregressive moving average
(ARMA) models, including purely autoregressive (AR) and purely moving-average (MA)
models as special cases. ARMA models are frequently used to model linear dynamic structures,
to depict linear relationships among lagged variables, and to serve as vehicles for linear
forecasting. A particularly useful class of models contains the so-called autoregressive
integrated moving average (ARIMA) models, which includes stationary ARMA - processes as
a subclass. We have tried to briefly introduce these linear models in the subsequent sub-

sections.

2.1 Autoregressive (AR) Model

A stochastic model that can be extremely useful in the representation of certain practically
occurring series is the autoregressive model. In this model, current value of the process is
expressed as a finite, linear aggregate of previous values of the process and a shock & . Let us
denote the values of a process at equally spaced time epochs t,t—1t—2,... by y,, ¥, 1, Vi 5
then y, can be described as

Vi =@ Y TP Y, .. +g0p ytfp + &

If we define an autoregressive operator of order p by



¢(B):l_¢18_¢252 _"'_¢)po

where B is the backshift operator such that Byt = yt—1 , autoregressive model can be written as

(D(B) Vt=é&t .
2.2 Moving Average (MA) Model

Another kind of model of great practical importance in the representation of observed time-
series is finite moving average process. MA (q) model is defined as

Yo =& —0&,— 6,6, — 0,6
If we define a moving average operator of order g by

0(B)=1-6,B-6,B*—---—0,B°

q

where B is the backshift operator such that Byt = yt—1 , moving average model can be written

asyt=HB)a.
2.3 Autoregressive Moving Average (ARMA) Model

To achieve greater flexibility in fitting of actual time-series data, it is sometimes advantageous
to include both autoregressive and moving average processes. This leads to mixed
autoregressive-moving average model

Ye=OYat @Yot @Y, tE— O, ,—0,6 ,— qut_q
or

@(B) yt = AB)&

and is written as ARMA(p, q). In practice, it is quite often adequate representation of actually
occurring stationary time-series can be obtained with autoregressive, moving average, or mixed
models, in which p and q are not greater than 2.
2.4 Autoregressive Integrated Moving Average (ARIMA) Model

A generalization of ARMA models which incorporates a wide class of non-stationary time-
series is obtained by introducing the differencing into the model. The simplest example of a

non-stationary process which reduces to a stationary one after differencing is Random Walk.
A process { y; } is said to follow an Integrated ARMA model, denoted by ARIMA (p, d, q), if
viyi = (1-B)! ais ARMA (p, ). The model is written as

(P(B)(l_ B)d Yy = Q(B)gt



&, are assumed to be independently and identically distributed with a mean zero and a constant

variance of 6.
3. Non-linear models: ARCH and GARCH models

After the dominance of the ARIMA model for over two decades, the need of such model was
felt which could predict with varying variance of the error term. The solution was provided by
Engle (1982) when he developed ARCH model to estimate the mean and variance of the United
Kingdom inflation. This model has few interesting characteristics; it models the conditional
variance as the square of the function of the previous error term and assumes the unconditional
variance to be constant. Along with the ARCH models can model heavy tail data which are
common in financial market. Besides these, Bera and Higgins (1993) pointed out that ARCH
models are easy and simple to handle, can take care of clustered errors, non-linearity and

importantly takes care of changes in the econometrician’s ability to forecast.

The ARCH (g) model for the series {8t} is defined by specifying the conditional distribution

of given the information available up to time t —1. Let denote this information. ARCH (q)

model for the series is given by

ely, 1 ~N (0,h[)

q
2
h, =a, +Zai &

i=1

]
where, a, >0, & >0 , for all i and > a <1 are required to be satisfied to ensure non-
i=1

negativity and finite unconditional variance of stationary {8t} series. Bollerslev (1986) and

Taylor (1986) proposed the Generalized ARCH (GARCH) model independently of each other,
in which conditional variance is also a linear function of its own lags and has the following

form

& = fthtllz (1)

where &, ~ N (0,1). A sufficient condition for the conditional variance to be positive is



8 >0, 820,i=12..09. b;>=0, j=1.2..,p

The GARCH (p, q) process is weakly stationary if and only if

: Zq:ai +Zp:bj <1
i=1 j=1

The conditional variance defined by (1) has the property that the unconditional autocorrelation

function of & ; if it exists, can decay slowly. For the ARCH family, the decay rate is too rapid

compared to what is typically observed in financial time-series, unless the maximum lag q is
long. As (1) is a more parsimonious model of the conditional variance than a high-order ARCH
model, most users prefer it to the simpler ARCH alternative. The most popular GARCH model
in applications is the GARCH (1,1) model.

Step 1: Determine whether the time series is stationary.

The series being analysed must be stationary. A stationary time series has the property that its
statistical properties such as the mean and variance are constant over time. The presence of
stationarity in the data can be obtained by simply plotting the raw data or by plotting the
autocorrelation and partial autocorrelation function. Statistical tests like Dickey- Fuller test,
augmented Dickey-Fuller test, KPSS (Kwiatkowski, Phillips, Schmidt, and Shin) test, Philips-
Perron test are also available to test the stationarity.

Step 2: Identify the model

After the time-series is stationary we go for identifying the mean model for the series. This is
done by fitting the simple ARIMA (Autoregressive integrated moving average) model. The
ARIMA (p,d,q) is determined by the ACF (Autocorrelation function) and PACF (Partial
autocorrelation function) values of the stationary series. The parameter p is determined by the
ACF value and q by the PACF value and d refers to order of differencing done to the original
series to make it stationary.

Step 3: Estimate the model parameters and diagnostic checking.

Once few tentative models are specified, estimation of the model parameters is straightforward.
The parameters are estimated through maximum likelihood function such that an overall
measure of errors is minimized or the likelihood function is maximized. This step is basically

to check if the model assumptions about the errors are satisfied. This is achieved by performing



portmanteau test. The test is utilized to see whether the model residuals are white noise. The
null hypothesis tested is that the current set of residual is white
noise.

The Ljung-Box statistic is given by:
h
Q=n(n+2)> (n—k)'r’
k=1

where, h is the maximum lag, n is the number of observations, k is the number of parameters
in the model. If the data are white noise, the Ljung-Box Q statistics has a chi-square distribution
with (h-k) degrees of freedom.
Step 4: Select the most suitable ARIMA model
The most suitable ARIMA model is selected using the smallest Akaike Information Criterion
(AIC) or Schwarz-Bayesian Criterion (SBC). AIC is given by
AIC = (-2log L +2m)

where, m= p+q and L is the likelihood function. SBC is also used as an alternative to AIC
which is given by

SBC =logo? +(mlogn)/n
If the model is not adequate, a new tentative model should be identified, which is again
followed by the parameter estimation and model verification. Diagnostic information may help
suggest alternative model(s). The steps of model building process are typically repeated several
times until a satisfactory mean model is finally selected. The final model can then be used for
prediction purposes.
Step 5: Determination of residuals and heteroscedasticity test.
After finding the mean model now the residuals are to be determined. And we create a new
variable called ‘rsquare’ by squaring the residuals. Then the ACF and PACF values of the
‘rsquare’ are determined and the lags in which these values are found to be significant are
identified. The test for heteroscedasticity is done at identified significant lags. The test
employed is the ARCH-LM test.
Step 6: Residuals and diagnostic checking.
The residuals obtained from the mean model used for fitting the different GARCH models were
squared and stored in a new variable called ‘esquare’. As already mentioned previously, the

diagnostic tests are employed to check whether the residuals are white noise or not.



Step 7: Estimation of parameters.

The parameters of the obtained model are estimated using method of maximum likelihood
(MLE). And then forecasting is done using the selecting model.

5. llustration

In this illustration Cotlook A index data is used and was collected from the commaodity price
bulletin, published by the United Nations Convention of Trade and Development (UNCTAD).
The series contains 360 data pints, 346 data points are used for modelling and remaining 14
points for forecasting. At first the ARIMA model was applied to the data set and on

unsatisfactory performance of the model, the GARCH model was used.
5.1 Fitting of the Cotlook A index

Various combinations of the ARIMA models were tried, among all, the AR (1) model had
minimum AIC and BIC values. The AIC value for fitted GARCH model has been found to be
minimum when the mean equation depends on two recent pasts only. Investigating the
autocorrelation function (Acf) of squared residuals of AR (2) model, it is found that the Acf
and Pacf are maximum at lag 3, which is 0.226 and 0.221 respectively. But if we go for AR
(2)-ARCH (3) model, a large number of parameters are needed to be estimated. So, to get a
parsimonious model, the AR (2)-GARCH (1, 1) model is selected.

The mean and conditional variance for fitted AR (2)-GARCH (1, 1) model is computed as

follows:

yr = 141.9264 —1.3905 yr1+ 0.4538 yi2 + &

(3.94) (0.05) (0.05)

where
& = htllzft ,
and h satisfies the variance equation
h: = 8.470 + 0.208 &2, + 0.215 he.1

(1.97)  (0.09)  (0.079)



The values within brackets denote corresponding standard errors of the estimates. The AIC

value, for fitted GARCH model is 2288.88.

Table 1. Forecast of the Cotlook A index series

VoNTH | ACTUAL | FORECAST FO'EFE(CZ)A_ST
VALUE | ARIMAQLLO) | gapcti

Feb-11 | 469.08 408.34(8.30) | 389.59(26.46)
Mar-11 | 506.34 416.47(1556) | 371.55(25.74)
Apr-11 | 47756 | 421.40(22.35) | 348.54(25.05)

May-11 | 36491 | 424.53(2855) | 324.69(24.39)
Jun-11 | 317.75 | 426.66(34.17) | 301.98(23.75)

Jul-11 | 26896 | 428.23(39.20) | 281.25(23.13)

Aug-11 | 25155 | 429.49(43.97) | 262.76(22.54)
Sep-11 | 257.63 | 430.57(48.29) | 246.50(21.97)

Oct-11 | 24385 | 43155(52.30) | 232.32(21.42)

Nov-11 | 23078 | 432.48(56.05) | 220.01(20.90)
Dec-11 | 21043 | 433.37(59.58) | 209.35(20.39)
Jan12 | 22291 | 43425(4.45) | 200.15(19.91)

Feb-12 | 22212 | 43512(57.13) | 192.21(19.44)

Mar-12 | 21936 | 435.99(59.68) | 185.37(19.01)

Table 2. Forecast evaluation of the Cotlook A index series

MODEL RMSE RMAPE (%)
ARIMA(L,1,0) 44.03 60.72
AR(2)-GARCH(1,1) 15.38 9.36

6. R code for analysing a time series data using ARCH family of models

library(“tseries”)
library(“forecast™)
library(“fgarch”)
setwd(""C:/Users/Achal/Desktop™) # Setting of the work directory

data<-read.table("bishal.txt™) # Importing data

datats<-ts(data,frequency=12,start=c(1982,4)) # Converting data set into time series
plot.ts(datats) # Plot of the data set

adf.test(datats) # Test for stationarity
diffdatats<-diff(datats,differences=1) # Differencing the series




datatsacf<-acf(datats,lag.max=12) # Obtaining the ACF plot
datapacf<-pacf(datats,lag.max=12) # Obtaining the PACF plot

auto.arima(diffdatats) # Finding the order of ARIMA model
datatsarima<-arima(diffdatats,order=c(1,0,1),include.mean=TRUE) # Fitting of ARIMA
model

forearimadatats<-forecast.Arima(datatsarima,h=12) # Forecasting using ARIMA model
plot.forecast(forearimadatats) # Plot of the forecast

residualarima<-resid(datatsarima) # Obtaining residuals

archTest(residualarima,lag=12) # Test for heteroscedascity

# Fitting of AR-GARCH model

garchdatats<-garchFit(formula = ~ arma(2)+garch(1, 1), data = datats, cond.dist = ¢("norm"),
include.mean = TRUE, include.delta = NULL, include.skew = NULL, include.shape = NULL,
leverage = NULL, trace = TRUE,algorithm = ¢("nlminb™))

# Forecasting using AR-GARCH model

forecastgarch<-predict(garchdatats, n.ahead = 12, trace = FALSE, mse = c("uncond"),
plot=FALSE, nx=NULL, crit_val=NULL, conf=NULL)

plot.ts(forecastgarch) # Plot of the forecast
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1. Introduction

Bayesian estimation and inference has a number of advantages in statistical modelling. The
core issue of Bayesian analysis is of incorporating prior information by specifying the prior
distributions. The very basic assumption of a Bayesian framework is that the data is not
exhaustive to explain all the underlying behavior of the series. Thus priors are to be assigned
to the parameters of the model and then posterior is estimated under that prior information.
Specifying the prior brings extra information or data based on the combined sources of
information (prior and likelihood). Bayesian analysis also provides the density of the
parameters of the model unlike the point or interval estimates provided by the classical
approaches. In case of financial markets information flows freely, thus incorporating that
information by means of prior seems justified. Thus, in last decade the use of Bayesian
framework for analyzing financial time series data has accelerated. The basis of Bayesian
estimation is the Bayes” Theorem. Let us consider the parametric space ¢ which is the vector

of the parameters of the model with a prior density function z(¢) and Y is the data vector.
According to Bayes’ rule, the posterior density

7 (6]y) o< L(Y [6)7(6)

where, L(Y|®)is the likelihood function. The straightforward way to estimate ¢ is to compute

the posterior mean of @ as follows:

0 =j9;z(0\ y)dée

There are several ways of specifying a prior distribution in the Bayesian analysis. One can
make use of non-informative priors or if the priors need to be analytically tractable then
conjugate priors are to be used. A prior is said to be non-informative if it provides no
information about the distribution of the parameter to be estimated. And in case of conjugate
priors the posterior distribution of the parameters to be estimated is of the same class as that of
the prior distribution. This helps in better statistical inference as the distribution of the posterior

is of some known form. Another advantage of using conjugate prior is that for incorporating



new information one needs to just update the values of hyperparameters instead of changing
the prior distribution altogether. If the likelihood belongs to exponential family of distribution
such as normal distribution, deriving conjugate prior is relatively easy. Conjugate properties of
the exponential family of distribution are well discussed by Lee (2004). In practical situations,
the selection of prior distribution depends largely upon the need of the researcher and the
complexity of the problem addressed. Under the Bayesian framework the estimation of the
parameters is done mainly using the Markov Chain Monte Carlo (MCMC) method. The reason
behind using MCMC methods is the fact that this method comes with two very desirable
properties that are essential for Bayesian analysis. The first one being the capability of handling
high dimensional problems efficiently, and secondly the ability of drawing random samples

directly from the posterior distribution. To understand the process let us assume that we want

to have information regarding a distribution 7, of which we have information unto the point

C, where C =Z;z(9) with an assumption that the state space E is either finite or countable. Then
(53

the distribution of =~ will be 7?(6’)\(3, as its probability mass function. The main purpose of

using MCMC method is to obtain the posterior distribution as

\ f(y|o)p(6)
" (9|y)22$¥yll’§p(9)

OcE

For obtaining the posterior distribution, following steps are followed:

1. An ergodic Markov Chain 6y & 6 ... is set up which results in a stationary posterior

distribution.

2. Using Markov Chain simulate ¢y & 65 ..., for large I and k.

3. Discard the first I-1 samples with |+k sufficiently large to obtain.

4. Obtain the expectation and other statistics using the I+k samples, this is done to obtain
stationary values.

The expectation of the posterior distribution is important as it is used to estimate the

parameters of the model that we have used in our study. And it is calculated as

S =Z€7z*(9|y)

OeE

2.0f(¥19)p(0)

_ OeE

- 2 f(ve)p(0)

OcE




But, if the posterior distribution is high dimensional or else complicated, it is difficult to
obtain closed form solutions for C. The answer to this is the MCMC method. The two very
widely used MCMC algorithms are Metropolis-Hastings (MH) algorithm and Gibbs
sampling. Gibbs sampling is considered to be a special sampler of MH algorithm.

2. Sampling Algorithms

2.1. Metropolis-Hastings algorithm

The MH algorithm is a popular algorithm which is used to obtain a sequence of random

samples from a proposed distribution q(0,¢) where direct sampling is difficult. The

algorithm is first proposed by Metropolis et al., (1953) and extended by Hastings (1970).

The idea of MH is simple, in this method a proposal point & is generated from the proposal
distribution q(#,.) with an acceptance probability as

a(0,&)=min{Lr(0,£)} where

_#(£)a(6.¢)
r6.6)=—=—-—-=
#(0)a(6.¢)
This process can be thought of as generating a random number X from a uniform
distribution U [0,1] and accepting the state & if X <a(8,£), otherwise the point @ is

rejected and the algorithm remains in the same state. The quantity r(o,&) is known as the

MH ratio and hence the algorithm as MH algorithm. This algorithm can be summarized in
following steps

1. A proposal distribution is selected with transition matrix Q=(q(l,j))1jee . Select an
integer s between 1 and n.
2. Assign n=0and ¢y=s.

3. A random variable 6 is generated such that P(@=j)=q(6,,j) and X is generated

independently.
4. IfX <af(s,j), then 6=j, otherwise 0 =s.

5. Nextnissetasn=n+land 6,=6

6. Goto step 3.
Random walk algorithm is a special case of the MH algorithm, in which the proposed

distribution has the symmetric property q(€/s) =q(s/ &) . This method performs poorly

when we need to deal with high dimensional models, as dimension decreases the

acceptance rate.



2.2. Gibbs sampling

Gibbs sampling is another widely used MCMC algorithm named after Josiah Willard Gibbs
but proposed by Geman and Geman (1984). This algorithm is simple, easily implemented
and can handle the problem of high dimensionality. As, already discussed conjugate priors
are very handy in Bayesian analysis, but there are many situations where it is difficult to
construct a joint conjugate prior for several parameters. But in such situations conditional
conjugate priors can be obtained relatively easily. Gibbs sampling uses the concept of
conditional priors and converts the multidimensional problem into a low dimensional
problem. The advantage of using conditional conjugate prior is that it takes the same

distributional form as that of posterior distribution. Let us assume a data sety = (y1,y2, ...,¥n)
and distribution of each y; have v parameters, 6 = (49 L0 V) . Foreachj=1,2,...,v, a one-
dimensional conjugate prior p(¢j) is defined and the conditional posterior is computed by
using Bayes theorem. The Gibbs sampling procedure is iterated through the following
steps:

1. The initial parameter vector (6°,,...,6", )is defined.

2. Parameter vector is updated by sampling as follows:
.7 p(6)6%,...6°,Y)
6,0 p(6,]6",6°%,...6°,y)

0,0 p(6,]6.6",....6" ..y)

3. Using this updated values as starting parameter values the sampling is repeated M
times. M is a constant which is selected to be sufficiently large and referred to as burn-
in period.

4. After simulating {pM+D o(M+2)  o(M+n)y from the Gibbs sampling Bayesian

inferences are drawn.
The main drawback of this method is that it is infeasible to apply when complete conditional

distribution is not known.



3. Bayesian time series models
The Bayesian framework has been extended to a large number time series models. In this
write up | have concentrated on MGARCH and VAR models. Both these models are

multivariate in nature and at present are being largely used in macroeconomics. Here we will

briefly describe the MGARCH and VAR model. Let Y; =(ylt,th,...,ykt)'denote an (kx1)

vector of time series variables. The basic p-lag vector autoregressive VAR (p) model has the
form:
Yt = A+ B].Yt—l + BZYt—Z + B3Yt_3 +...+ Bth_ p + gt
where, A is kx 1 vector of intercepts , Bi (i =1, 2, ..., p) is k x k matrices of parameters and
gt ~ 11dN(0, %)

Yt = (Y1t Ykn)

For a multivariate time series the MGARCH model is given by:

1/2
yt = Hi "t

where, Ht1/2 is k x k positive-definite matrix and of the conditional variance of . k'is the
number of series and t=1,2,...,n (number of observations). It is with the speci¥itcation of
conditional variance that the MGARCH model changes. Engle and Kroner (1995) introduced
the BEKK model which is the direct generalization of the univariate GARCH model. The
resulting variance is dependent on the amount of currently available information. A general
GARCH (p, gq) model (Bollerslev, 1986) can be defined as:

h=a,+ae®  +-+a,e’  +Bh ++ Bh, &>0,5>0 ’ aj+ £ <1
where, h, is the conditional variances which depends on the previous error terms as well as

previous conditional variances of the process.
Equation (2) can be transferred into multivariate GARCH model with a generalization of the

resulting variance matrix Ht

h, h, hg
Ht = h21 hzz h23
h31 h32 h33

Each element of Hidepends on the p delayed values of the squared &, , the cross product of
&, and on the q delayed values of elements from H: . In general, multivariate GARCH (1, 1)

model can be written as:



a, 0 0\ &, &€& &&l)a, 0 O
H,=C,C,+| 0 a, 0| &g &, &&| 0 a, 0| +-
0 0 ayles &s 6‘23 0 0 ag

b, 0 0} h, hh hh)b, 0 0
0 b22 O h2 hl h22 h2 hS 0 b22 O
O 0 b33 h3 hl h3 h2 h33 0 0 b33

In compact form, the above equation can also be written as:
' !
H,=C,C, +A¢ e, ,A+B'H_,B
For 2 variable case the model can be represented as:
: , .
Cr1Crp | |8 11 ‘1t | Ay Ap 911 912 911 912

Hi = + + Hi_1

C21C22 821822 | | €94 1614 £5i4 A 8z 921 922 921 92
h _ 2 .2 2 2 2 2 h 2 h 2 h
11t =Cl1+a58]y g +281182114-162,t-1+35165 ¢ 4 +917M1t-1+2011921M2t-1+95:N22,t-1

2 2
hi2,t =c12 +a11a2167 ;5 +(@21812 +a11822)e1t-1£2,1-1+a21a22¢5 (1 +911912M 111
+(921912 +911922)M12,t -1 +g,,9,,h 4

hoot =c22 + alzggft_l +2a12822£1,t-162,t—1 + agzgit_l + 9122 M1t
+2012922M2 t—1+ 9%2h22,t—1

As already discussed for Bayesian analysis one has to assign priors to the parameters of the
model. Thus, priors for MGARCH and VAR models are defined accordingly. In case of
MGARCH model the Normal priors with different parametric ranges for different parameters
to be estimated. The constant terms of each model is assigned N (0, 10) priors, whereas the
other parameters are assigned N (0,100) priors. The reason behind using Normal priors is due
to its conjugate property. The priors are assigned following Fioruci, et al., (2014) as it yields
satisfactory results in case of MGARCH models. For VAR model three different priors are
used namely Minnesota, Normal-Wishart and Independent- Normal Wishart. Each of the priors
differs from each other, in the manner in which they specify the mean and the variance of the
coefficient’s distribution. The specification of the Minnesota prior is as follows:

24 D N (QMin 1\LMin



If V,; denotes the block of V. associated with the K coefficients in equationiand V, ; asits

diagonal elements, then a common implementation of the Minnesota prior would set:

Vii= 2 for coefficients on own lags
cp
4,05 .. . L
—20 for coefficients on lags of variable j # i
P oj

asoy;  for coefficients on exogenous variables
This prior simplifies the complicated choice of fully specifying all the elements ofV,,, in
choosing three scalars a4, a,, as.

The next prior used is a natural conjugate prior Normal-Wishart. The form of the prior is as

follows:
alX0N(a,28V)
z—l W (§71,\_/>

where, o,V ,v and S are to be selected by the experimenter depending upon the data set in

use. Then the posterior of this prior is as follows:
a|L,y0 N(a,ZeV)
iy ow(s )

where,

Q|
|

vec(ﬁ)
§=\7[\[15+x‘x B

S=S+S+BX'X B+§'\[15—§'(\[1+x‘x)§

v=T+V
The third prior taken up is the independent Normal-Wishart, which has the following form:

p(B,X7H = pBpE™
where
B~N(B, V)
and
YW )



This prior allows for the prior covariance matrix Vg , to take any values chosen by the

researcher, rather than the restrictive > @ V form of the natural conjugate prior. In this prior,
the joint posterior p(B,Y."1|y) does result in an easily computable form that would allow easy
Bayesian analysis this is due to the fact that posterior means and variances do not have
analytical forms.

4. Data description and illustration

For illustration purpose | have implemented Bayesian framework in MGARCH model with
BEKK specification. A data set which contains two monthly series namely International and
Domestic price indices of edible oils is taken. The International oil price index was collected
from the World Bank Commodity Prices Indices (Pink Sheet) available from its official
website. And, Domestic edible oils price index was collected from Office of the Economic
Adviser, Ministry of Commerce and Industry, Government of India. The monthly data set
contains 313 data points (January, 1990 to January, 2016). As discussed earlier priors are
assigned and then using MCMC the posterior distribution is obtained. Time plot of the series
used are depicted by Figure 1.The parameter estimates obtained using Bayesian framework are
reported in Table 1. Also the conditional volatility obtained are presented in Figure 2.
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Figure 1. Time plot of International (bold) and Domestic (dotted) edible oils price indices
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Figure 2. Conditional variance of Domestic (dom) and International (int) edible oils price
indices after fitting MGARCH-BEKK model

Table 1. Estimates of Bayesian MGARCH-BEKK model for International and Domestic edible

oils price indices

Coefficients Estimate Std. Error t value P value
Cl1 -0.158 0.026 -6.076 <0.001
C21 0.193 0.025 7.720 <0.001
C22 0.079 0.026 3.038 <0.001
All 0.231 0.024 9.625 <0.001
A2l 0.488 0.025 19.520 <0.001
Al2 -0.166 0.026 -6.384 <0.001
A22 -0.004 0.025 -0.160 0.873
Bl1l -0.025 0.027 -0.925 0.355
B21 0.507 0.026 19.500 <0.001
B12 0.374 0.025 14.960 <0.001
B22 0.264 0.026 10.153 <0.001

R code for analysing a time series data using ARIMA and AR-GARCH model

library(“tseries™)

library(“forecast”)

library(*“fgarch”)

setwd(&quot;C:/Users/Desktop&quot;) # Setting of the work directory
data&lt;-read.table(&quot;data.txt&quot;) # Importing data
datats&lIt;-ts(data,frequency=12,start=c(1982,4)) # Converting data set into time series
plot.ts(datats) # Plot of the data set



adf.test(datats) # Test for stationarity

diffdatats&lIt;-diff(datats,differences=1) # Differencing the series

datatsacf&It;-acf(datats,lag.max=12) # Obtaining the ACF plot

datapacf&It;-pacf(datats,lag.max=12) # Obtaining the PACF plot

auto.arima(diffdatats) # Finding the order of ARIMA model

datatsarima&lIt;-arima(diffdatats,order=c(1,0,1),include.mean=TRUE) # Fitting of ARIMA

model

forearimadatats&lt;-forecast. Arima(datatsarima,h=12) # Forecasting using ARIMA model

plot.forecast(forearimadatats) # Plot of the forecast

residualarima&lt;-resid(datatsarima) # Obtaining residuals

archTest(residualarima,lag=12) # Test for heteroscedascity

# Fitting of AR-GARCH model

garchdatats&It;-garchFit(formula = ~ arma(2)+garch(1, 1), data = datats, cond.dist

c(&quot;norm&quot;),

include.mean = TRUE, include.delta = NULL, include.skew = NULL, include.shape =

NULL, leverage = NULL, trace = TRUE,algorithm = ¢c(&quot;niminb&quot;))

# Forecasting using AR-GARCH model

forecastgarch&lt;-predict(garchdatats, n.ahead = 12, trace = FALSE, mse

c(&quot;uncond&quot;),

plot=FALSE, nx=NULL, crit_val=NULL, conf=NULL)

plot.ts(forecastgarch) # Plot of the forecast
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Introduction

Count data are the data in which observations can take only the non-negative integer value.
Among the characteristics of such data are those including rare events, skewed, discrete and often
exhibit over-dispersion and excess zeroes. These integers arise from counting rather than ranking.
An event count is the realization of a nonnegative integer-valued random variable. Time series of
count data occurs in many phenomena; such as in modelling the effects of pest and disease
dynamics in agriculture, environmental pollution on human health, environmental science for
daily rainfall data, air quality readings and in monthly polio cases or daily asthma presentation
at a hospital. the number of traffic accidents in the past can be used to predict or prevent
accidents in the future. Another example is about the number of purchases of a product in the
near past which can be used to model the purchases of a store. The analysis of time series of
counts, motivated by applications in various fields, is one of the rapidly developing areas in
modelling. Time series consist of count data where the number of observed events occurring
in a given time sequence is recorded. A successful count time series model should consider
these two features into account viz., dependency between observations and over-dispersion
relative to the mean of the series.

Most of these applications involve relatively rare events which makes the use of the
normal distribution questionable. Thus, modelling this type of series requires one to deal
explicitly with the discreteness of the data as well as its time series properties. Neglecting either
of these two characteristics would lead to potentially serious misspecification. A typical issue
with time series data is autocorrelation and a common feature of count data is over-dispersion
(the variance is larger than the mean). Both of these problems are addressed simultaneously by
using an autoregressive conditional Poisson model (ACP). In the simplest model counts have
a Poisson distribution and their mean, conditional on past observations, is autoregressive.
Whereas, conditional on past observations, the model is equi-dispersed (the variance is equal
to the mean), it is unconditionally over-dispersed. A fully parametric approach and choose to
model the conditional distribution explicitly and make specific assumptions about the nature
of the autocorrelation in the series. When the mean and variances are not become equal then
the generalized class of integer autoregressive model is come into picture, called as Integer
Generalized Autoregressive conditional heteroscedastic (Integer GARCH) model. The Integer
GARCH is a class of generalized linear model. The count time series analysis begins with the
exploitation of poison and negative binomial regression models for time series. Many times we
encounter discrete count data in various fields of agriculture.
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Poisson Regression Model

Poisson distribution is a class of generalized linear model which follows Poisson
distribution. Let us consider a random variable y follows a Poisson distribution with parameter
L, if it takes integer values y =0, 1, 2, ... with probability distribution

—H Y

MU
y!

P(Y:y)ze /,l>0’ (1)

where the mean and variance expression of the distribution is E(y)=VAR(y)= . So it is seen

that the mean and variance expression are equal and if any factor influences the mean value, it
will influence the variance also. Thus, the homoscedasticity would not be appropriate for this
kind of distribution (Chen and Lee 2016). The parameters of Poisson regression model y; =
exp(X;'B) + ¢; can be estimated using maximum likelihood method.

Assumptions in Poisson Regression

e The probability of at least one occurrence of the event in a given time interval is
proportional to the length of the interval.

e The probability of two or more occurrences of the event in a very small time interval is
negligible.

e The numbers of occurrences of the event in disjoint time intervals are mutually
independent.

Then the probability distribution of the number of occurrences of the event in a fixed
time interval is Poisson with mean p = At, where A is the rate of occurrence of the event per
unit of time and t is the length of the time interval. A process satisfying the three assumptions
listed above is called as a Poisson process. The most important point in estimating parameters
of Poisson regression is its relationship between the mean and the variance. A useful property
of the Poisson distribution is that the sum of independent Poisson random variables is also
Poisson. Specifically, if Y1 and Y2 are independent with Yi ~ P(ui) fori=1, 2then Y1 + Y2

~P(ul + p2).

Negative Binomial Regression Model

A distribution of counts will usually have a variance that’s not equal to its mean. When
we see this happen with data that we assume (or hope) is Poisson distributed, we say we have
under or over-dispersion, depending on if the variance is smaller or larger than the mean.
Performing Poisson regression on count data that exhibits this behavior results in a model that
doesn’t fit well. Negative binomial regression is a type of generalized linear model in which
the dependent variable Y is a count of the number of times an event occurs. It can be used for
over-dispersed count data, that is when the conditional variance exceeds the conditional mean.
It can be considered as a generalization of Poisson regression since it has the same mean
structure as Poisson regression and it has an extra parameter to model the over-dispersion. If
the conditional distribution of the outcome variable is over-dispersed, the confidence intervals



for the Negative binomial regression are likely to be narrower as compared to those from a
Poisson regression model. Unlike the Poisson distribution, the variance and the mean are not
equivalent. This suggests it might serve as a useful approximation for modeling counts with
variability different from its mean.

Let Y is random variable which follows the negative binomial distribution with
parameters (r, 0), where 6 € (0, 1) and r an integer, then its probability mass function is given
by
PIY =y] = (**77) 0”1 - 0)", y=0,12,..

)

0
(1-9)

and Varl[Y] = 0

y~NegBin(r,0) Therefore E[Y] = = ez

Model Assumption

As we mentioned earlier, negative binomial models assume the conditional means are not equal
to the conditional variances. This inequality is captured by estimating a dispersion parameter
(not shown in the output) that is held constant in a Poisson model. Thus, the Poisson model is
actually nested in the negative binomial model. We can then use a likelihood ratio test to
compare these two and test this model assumption. To do this, we will run our model as a
Poisson.

Negative binomial regression can be used for over-dispersed count data that is when
the conditional variance exceeds the conditional mean. It can be considered as a generalization
of Poisson regression since it has the same mean structure as Poisson regression and it has an
extra parameter to model the over-dispersion. If the conditional distribution of the outcome
variable is over-dispersed, the confidence intervals for the Negative binomial regression are
likely to be narrower as compared to those from a Poisson regression model.

Generalized Linear Model

Let us denote the count time series by {Y; : t € N} and time varying r-dimensional covariate
vector say {X,:t€ N} ie X,= X1 - Xer)' . The conditional mean becomes
E(Y; |Fi—1) = A; and Ftis historical data.

The generalized model form is expressed as follows
9 = Bo+Xpo1 Bid (Vo) + g g Ae—j) + 17 @)

Where g is link function and g is transformation function. g(A;) is linear predictor. To allow
for regression on arbitrary past observations of the response, P = {i; i, ...,i,} and

0<0<iy <ip <<, <o for leads to lagged observations Y;_; , v Yeog, . SeLQ =



{1z, rJgyand 0<0 < j; <j, <--<j, <oo. The set Q lagged in parameter mean i.e.

Aemiys oo Aoy

Specification of the model order, i.e., of the sets P and Q, are guided by considering the
empirical autocorrelation functions of the observed data. This approach is described for ARMA
models in many time series analysis literatures.

Cases of GLM

Case 1: Consider the situation where g and g are equal to identity i.e. g(x)= g(x) = x,
further P={1,...,p}, Q={l,...,q} and n = 0 then the GLM model (3) becomes

Ae = Bo + Xie1 B Yee, + 21t @Ay (4)

Assuming further that Y;|Y;_, is Poisson distributed, then we obtain an integer-valued GARCH
model of order p and q, abbreviated as INGARCH(p,q). These models are also known as
autoregressive conditional Poisson (ACP) models (Heinen 2003, Ferland et al. 2006 and
Fokianos, et al. 2009).

Case 2: The Negative Binomial distribution allows for a conditional variance to be larger
than the mean A,which is often referred to as over-dispersion (Christou and Fokianos 2014).
It is assumed that Y; |F,_,~NegBionom(A;, ®). The Poisson distribution is a limiting case of
the Negative Binomial when @ — oo,

R codes to implement count TS models
rm(list = Is())
dl=read.table(file = "CHN.txt", header = T)
head(d1)
attach(d1)
regl=cbind(MAXT, MINT, RF, MRH, ERH)
YSB1=as.integer(YSB)
Box.test(YSB1)
HiHHHE training data  #HHHHHHHEHE
regll=cbind(MAXT[1:421], MINT[1:421], RF[1:421], MRH[1:421], ERH[1:421])
regl2=cbind(MAXT[422:428], MINT[422:428], RF[422:428], MRH[422:428],
ERH[422:428])
reg21=cbind(MAXT][1:451], MINT[1:451], RF[1:451], MRH[1:451], ERH[1:451])
reg22=cbind(MAXT[452:461], MINT[452:461], RF[452:461], MRH[452:461],
ERH[452:461])
ysb.train1=YSB1[1:421]
ysb.test1=YSB1[422:428]
ysh.train2=YSB1[1:451]
ysb.test2=YSB1[452:461]
i Poisson INGARCH #HHHHHHHHHH
M1=tsgIm(ysb.train2, model=list(past_obs=5, past_mean=5),
xreg=reg21, distr="poisson")
Box.test(M1$residuals)



summary(M1)

coeftest(M1)

M1$fitted.values

predict(M1, n.ahead=8, newxreg=reg22)

HiHHHHEHE NB INGARCH #HttHtHHHH
M2=tsgim(ysb.train2, model=list(past_obs=5, past_mean=5),

xreg=reg21, distr="nbinom")

Box.test(M2$residuals)

summary(M2)

coeftest(M2)

M2$fitted.values

predict(M2, n.ahead=8,newxreg=reg22)
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Introduction

Spatiotemporal time series are observations recorded across both space and time, incorporating
systematic dependencies among spatial locations and temporal patterns. These models
effectively handle single variables recorded over time from multiple locations. Classic
examples of spatio-temporal data include daily or hourly carbon emission levels from
monitoring stations, daily river discharge across various basins, frequent weather parameter
recordings (temperature, rainfall, humidity, etc.) from different agro-climatic zones, and traffic
flow data from multiple checkpoints. Traditionally rooted in geo-statistics, spatio-temporal
modeling has now found applications in sociology, economics, environmental sciences,
ecology, and notably in agricultural research.

In the context of abiotic stress management in agriculture, spatio-temporal models are highly
relevant as they allow for detection, monitoring, and forecasting of stress patterns like drought,
heat waves, frost, and soil salinity across different regions and seasons. These stresses are not
static—they evolve both geographically and temporally, making it essential to adopt models
that capture variations across space and time simultaneously. For instance, analyzing how
drought severity varies across districts over cropping seasons or how rising temperature trends
affect heat-stress in wheat zones helps in site-specific and timely adaptation strategies.
Research suggests that combining spatial and temporal data enhances the modeling accuracy
and decision-making effectiveness, especially under conditions of uncertainty posed by climate
variability. Thus, spatio-temporal modeling forms the backbone of early warning systems,
stress forecasting tools, and real-time advisories that are crucial for mitigating the adverse
impacts of abiotic stress on crop productivity and food security.

Because of computational difficulties and inaccessibility of simultaneous spatial and temporal
information, no significant progress is accomplished in spatio-temporal time series modeling
as contrast with univariate time series modeling. Spatio-temporal models are the models which

considers concurrent information on both space and time of variables under consideration. In
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univariate time series we observe autocorrelation between the successive observations over a
timeframe, to model these sorts of series, the Box-Jenkins autoregressive moving average (Box
and Jenkins (1970)) model is most usually utilized model because of its prominent modeling
building process. On other hand, the auto correlated spatio-temporal time series phenomenon
can be modeled using the space time autoregressive moving average (STARMA) model. The
autoregressive and moving average components of univariate time series lagged in both space

and time is alluded as space time autoregressive moving average (STARMA) model.
STARMA Model

The space-time models explain the systematic dependencies over both space and time
is modeled through the class of STARMA models was developed by Pfeifer and Deutsch
(1980Db). The autoregressive and moving average form of space time model represented by
STARMA model are characterized by single variable Zi(t), observed at N fixed spatial locations
(1=1,2,...,N)onTtimeperiods (t=1, 2,..., T). The N spatial locations can be a geographical
location, country, state, etc. The spatial dependencies between N times series is incorporated
through N*N spatial weight matrices. Analogous to univariate time series, Z(t) is expressed as
a linear combination of past observations and errors. The STARMA model (Pfeifer and

Deutsch, 1980a), denoted by STARMA(pa, 2, .., Ap»9my m, ... mq) CaN be represented in the

matrix equation as follows;

p A q myg
Z(t) = Z Z b W Z(t — k) — Z Z 0 Wi e(t — k) + £(t)
K=11=0 K=11=0
.. (11)
Where,
z(t) = [z1(D), ..... ,zy(t)]'isa N x 1 vector of observations at timet=1,..., T,

p is the autoregressive order (AR) with respect to time,

g is the moving average order (MA) with respect to time,
Ay is the spatial order of the k™ AR term,

my is the spatial order of the k™" MA term,

¢ 1S the AR parameter at temporal lag k and spatial lag | (scalar),



0, is the MA parameter at temporal lag k and spatial lag | (scalar) and

Wlis the N*N spatial weight matrix with spatial order | with diagonal elements zero and non-
diagonal elements is the relation between sites.

The spatial weight matrix W= Iy i.e. Identity matrix and each row of W' must add up to
one. The random error vector (t) = [&,(t), &,(t), ..., ey (t)]" is normally distributed at time t

G=0%lyiss=0

0, otherwise and  E[e(®)e'(t +s)] =

with E[®)]=0 . E[e(t)g'(Hs)]:{

0, fors > 0.
There are two subclasses of the STARMA model, in equation (3) when g=0, only
autoregressive terms remain and consequently the model progresses toward becoming space-

time autoregressive or STAR model which is represented as follows;
Z(t) = YP_ Tk b WHZ(t — k) + (t) .(12)

When p becomes 0, only moving average terms remains and hence the model becomes

space-time moving average or STMA model which is represented as follows;

Z(t) = e(t) = Th Xk 0 Whe(t — k) ... (L3)
Spatial weight matrix

Building of spatial weight matrix plays a key role in STARMA modeling, the
hierarchical ordering of neighbors of each site and the selection of an appropriate sequence of
weighting matrices is a matter left to the model builder since more complex the weight matrix,
more troublesome is to estimate the parameters of STARMA model. In the vast majority cases,
the space pattern is assumed to be equal and regularly spaced to ease the model building. In the
vast majority applications, the uniform spatial weight matrix is only a simplifying assumption
since typically the sites are irregularly spaced. A weight can be picked in different ways, the
least difficult of which is the binary scheme, if two areas shared a common border then we
relegate a weight as one otherwise zero (Griffith (1996) and (2009)).
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Fig.1: Schematic representation of spatial weight grid

Be that as it may, in spatial weight matrix, row normalization is a common practice i.e.
making all rows sum to one is common practice. However, in some studies, column
normalization has been used, allowing the matrix to represent influence exerted by i rather than
accepted influence from j. The choice of weighting scheme is nontrivial and can be very
important because different weight matrices often lead to different inferences being drawn and
can introduce bias into an analysis. In spatiotemporal data, assuming that the relative
contributions of the spatial neighbors of a unit remain the same across all times may not be
reasonable. These weights, in any case, must reflect a hierarchical ordering of spatial neighbors.
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First order neighbors are those which are closest to the chosen site. Second order neighbors are
farther away than first order neighbor’s, yet closer than third order neighbors. The schematic

representation of spatial weight grid is represented (Pfeifer and Deutsch, 1980b) in figure 1.

STARMA Modeling Procedure

As like Box-Jenkins univariate ARIMA methodology the STARMA model is also build
by three stage procedure of model building viz., identification, estimation and diagnostic
checking, proposed by Pfeifer and Deutsch (1980b). The STARMA model is said to stationary
if covariance structure of Z(t) does not change with time and every Z(t) lie inside the unit root

circle i.e. the STAR model are invertible and STAMA models are stationary.

Model Identification

The space time autocorrelation function (STACF) and space time partial
autocorrelation function (STPACF) are used to identify the STAR and STMA order. Like
univariate ARIMA model, the STAR and STMA model orders are identified in view of
significant STAR and STMA spikes. The space time autocorrelation function (STACF)
between Ith and k™ order neighbor’s s time lag apart (s=1,....k and h=0,1,...,1) is given

underneath;

YN YIS wOz,ow® z(t+s)

Pu(s) = -(1.4)

1
BN SIS wOz)? . wkz(t+s))2)?

The space time partial autocorrelation function (STPACF) is expressed in following equation;

Pro(s) = Z§=1 Z?:o ¢jl.0hz (s—J) ...(1.5)

Characteristics of the theoretical space-time autocorrelation and partial autocorrelation
functions for STAR, STMA and STARMA models (1.1) are depicted in following table.

Table 1: STACF and STPACF of STAR, STMA and STARMA models

Process STACF STPACF
STAR tails off with both space cuts off after p lags in time

and time and Ap lags in space




STMA cuts off after g lags in time | tails off with both space
and mgq lags in space and time
STARMA tails off tails off

Model Parameter Estimation

The maximum likelihood estimates of
D = [b19,D11) s Drays o Ppos Pp1s s ¢p/1p]' and

0 = [010,011, -+, 012,5 -+ 0q0, Oq1s e ep,lq]' rely on the assumption of errors i.e. which are

normally distributed with mean zero and variance-covariance matrix equal to a2Iy. The

likelihood function for the same is defined as follows;

-TN -1
f(e|®,0,0%)=2m) 2 |02lyr|2 exp {— ﬁe’]e}

-~ -IN S(®,0
=(2m)7z (0%) 2z exp{-— (202 )} ...(1.6)
Where,
S(®,0) =€'le =YY, ¥T_,€?(t) is the sum of squares of the errors and € =

[€,(1),..., 6.(T),...,en(1) ..., en(T) ]. Finding the values of the parameters that maximize
the likelihood function is equivalent to finding the values of ® and ® that minimize the sum of
squares S(®, ©). Therefore, the problem is reduced to finding the least squares estimates of ®
and 0 .

The errors £(t) need to be recursively calculated using the equation:

e(t)=2(t) + Y2_ X1 b WPz(t — k) =3I S 0, WDPe(t — k)  ...(1.7)
fort=1, ..., T and for given values of the parameters (®,0).

Because the values of the observations z and of the errors care unknown for times previous to
time 1, these initial values need to be calculated. Thus, for any given choice ofthe parameters
(P,0) and starting values (z *, ¢ *) the set of values c(cI >,e I z *,c *x, W) could be calculated
successively given a particular data set z. The log likelihood associated with the parameter

values (®, 0, 02) conditional on the choice of (z *, ¢ *) would be



5.(9,0)

L(®,0,0%) = ——In(2m) — 0% — == ..(1.8)

So for fixed a2 , the conditional maximum likelihood estimates of &, ® are the conditional
least squares estimates obtained by finding the values of @, © that minimize the conditional

sum of squares function
S.(P,0) = YT o €x (o) ...(1.9)

Diagnostic-Checking

At this stage the objective is to determine if the model does adequately represent the data. If
the fitted model adequately represents the data, the residuals should be gaussian white noise,
i.e., should be distributed normally with mean zero and variance-covariance matrix equal to
a?1y. One way of testing for correlation is to calculate the sample space-time auto correlations
of the residuals and check for additional significant structure. If the model is adequate then,

var(plo(s)) ...(1.10)

N(T s)

Where p;o(s) is the space-time autocorrelation function of the residuals of the fitted model.
Thus, the residual space-time autocorrelations, since they are approximately normal, can be
standardized and checked for significance. If the residuals are not independent the pattern is
identified, and the tentative model updated.

Case Study: Modeling and Forecasting of monthly mean maximum temperature of nine
districts of north Karnataka. Rathod et al (2018).

In this study monthly mean maximum temperature of nine districts of north Karnataka state of
India (Fig. 1) are considered to model and forecast using the proposed STARMA
methodologies. The data from January, 2000 to August, 2015 has been utilized for model
building and data from September, 2015 to August, 2016 used for model validation

(Forecasting performance).
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Fig. 1. Geographical map of karnataka

Construction of spatial weight matrix:

As explained in methodology section, the spatial weight matrix has been constructed by
assigning equal weightage to each neighbor. The map of nine locations under consideration is
delineated in figure 2.10 and each location are represented by numbers from one to nine. In
light of the neighboring locations, connectivity spatial weight matrices have been considered.
For instance, for location 1, location 2 and location 8 are first order neighbors. Again, 3, 6 and
7 are second order neighbors to location one. In a similar manner, first and second order
neighbors for all nine locations are reported in table 1. In light of the numbers of neighbors,
the spatial weights have been doled out to each location. In uniform spatial weight matrix

equal weights are relegate to each neighbors. To make row normalization i.e. making all rows
sum to one we divide, one by number of neighbors i.e. % , here n is number of neighbors. For

example, for first location (Gulbarga) there are two first order neighbors, then we divide one
by two and assign 0.5 as weight to each locations. As we calculated weight for first location,

one can proceed in same manner to calculate weights for all nine locations. In light of this
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procedure first order spatial weight matrix has been calculated in table 3. In this work attempt
has been made to incorporate second order spatial weight matrix in STARMA model. For first
location 3, 6 and 7 are second order neighbors, then we divide one by three and assign 0.33 as
weight to each location; in the same manner one can proceed further to calculate weights to all
nine locations for second order neighbors. The second order spatial weight matrix for all nine
locations are depicted in table 4. To compute STACF and STPACF, zero order (Table 2) first
order and second order spatial weight matrix (Table 3 and 4) is need to be incorporate in the
model. In first order spatial weight matrix, since we do not assign weights to any neighbors,

diagonal elements end up noticeably equal to one.

Fig. 2.: Map of districts/locations considered

1
: 2
3 1. Gulbarga
4 8 2. Bijapur
3. Bagalkot
- 4. Belgaum
6 7 5. Dharwad
) 6. Gadag
S 7. Koppal
( 8. Raichur
9. Bellary
Table 1: Neighbors of each site for each spatial order
Location Order
1 2
1 2,8 3,6,7
2 1,3 4,8,7
3 2,4,5,6 7,8
4 3,5 2
5 3,46 9
6 3,5,7.9 2,8
7 6,8,9 1,2,3
8 1,7,9 2,3,6
9 6,7,8 5




Table 2.: Spatial weight matrix of order zero

Location | Gulbarga | Bijapur [Raichur|Bagalkot | Belgaum |Dharwad| Gadag | Koppal | Bellary
Gulbarga 1 0 0 0 0 0 0 0 0
Bijapur 0 1 0 0 0 0 0 0 0
Raichur 0 0 1 0 0 0 0 0 0
Bagalkot 0 0 0 1 0 0 0 0 0
Belgaum 0 0 0 0 1 0 0 0 0
Dharwad 0 0 0 0 0 1 0 0 0
Gadag 0 0 0 0 0 0 1 0 0
Koppal 0 0 0 0 0 0 0 1 0
Bellary 0 0 0 0 0 0 0 0 1
Table 3: First order spatial weight matrix for Maximum temperature data
Location|Gulbarga| Bijapur | Raichur |Bagalkot|Belgaum|Dharwad| Gadag | Koppal | Bellary
Gulbargal O 0.5 0 0 0 0 0 0.5 0
Bijapur | 0.5 0 0.5 0 0 0 0 0 0
Raichur 0 0.25 0 0.25 0.25 0.25 0 0 0
Bagalkot) 0 0 0.5 0 0.5 0 0 0 0
Belgaum| 0 0 0.33 0.33 0 0.33 0 0 0
Dharwad| 0 0 0.25 0 0.25 0 0.25 0 0.25
Gadag 0 0 0 0 0 0.33 0 0.33 0.33
Koppal | 0.33 0 0 0 0 0 0.33 0 0.33
Bellary 0 0 0 0 0 0.33 0.33 0.33 0
Table 4: Second order spatial weight matrix
Location|Gulbargal Bijapur | Raichur |Bagalkot|Belgaum|Dharwad| Gadag| Koppal | Bellary
Gulbarga] 0 0 0.33 0 0 0.33 | 0.33 0 0
Bijapur 0 0 0 0.33 0 0 0.33 0.33 0
Raichur 0 0 0 0 0 0 0.5 0.5 0
Bagalkot| 0O 1 0 0 0 0 0 0 0
Belgaum 0 0 0 0 0 0 0 0 1
Dharwad| O 0.5 0 0 0 0 0 0.5 0
Gadag | 0.33 0.33 0.33 0 0 0 0 0 0
Koppal 0 0.33 0.33 0 0 0.33 0 0 0
Bellary 0 0 0 0 1 0 0 0 0

STARMA model fitting

In this article STARMA model was estimated using the three-stage procedure explained by
Pfeiffer and Deutsch (Pfeiffer and Deutsch, 1980a). As explained in methodology section,
STARMA estimation procedure is extension of Box-Jenkins ARIMA methodology in spatio-



temporal set up. As like ARMA 1t likewise has three stages of model building viz., model
identification, estimation and diagnostic checking. Considering the significant spikes in
STACF and STPACF plots, the model order STARMA (1 0 1), has been identified. Parameters
of the identified models are estimated using maximum likelihood method and are given in table
5, alongside their standard errors and probability values. The estimated parameters are then
consolidated in the model and predicted values were acquired. For diagnostic checking
Multivariate Box-Pierce Non-Correlation test has been applied and residuals are observed to
be non-correlated. Further, performance of models under consideration is depicted in table 6.

Table 5: STARMA Model parameters

Spatial lag Slag 0 Slag 1 Slag 2
AR MA AR MA AR MA
Parameters -0.66 0.119 0.171 0.213 0.79 0.11
(0.023) (0.010) (0.052) (0.0157) (0.089) (0.116)
Probability | <0.001 <0.001 0.013 0.004 <0.001 0.010

Multivariate Box-Pierce Non-Correlation Test of residuals: Chi-square=69.86 (p=0.31)
Values in the parenthesis indicates the standard error

The mean absolute percentage error (MAPE) has been computed to compare the forecasting
performance of ARIMA and STARMA model (Table 6). In view of the lowest MAPE value
of proposed STARMA model for all the locations, it is affirmed that STARMA model
outflanked the Box-Jenkins ARIMA model in all the locations.

Table 6: Modeling Performance in terms of MAPE

SI. No Location ARIMA STARMA
1 Gulbarga 2.54 1.30
2 Bijapur 2.73 1.29
3 Raichur 2.36 1.24
4 Bagalkot 2.80 1.49
5 Belgaum 3.42 2.07
6 Dharwad 3.31 1.69
7 Gadag 2.97 1.56
8 Koppal 2.89 1.41
9 Bellary 2.45 1.24

R cods to implement STARMA model
#install.packages("'starma™)
#install.packages("spdep™)

rm(list = Is())

library(starma)

library(spdep)



library(forecast)
wO0.mat=as.matrix(read.table(file="wo.txt" ,header=TRUE))
wl.mat=as.matrix(read.table(file="w1.txt" ,header=TRUE))
w0.mat

wl.mat

wilist =list(orderO=w0.mat, orderl=w1.mat)

wlist
st=as.matrix(read.table(file="ukavg.txt",header=TRUE)) # data read
st

stcor.test(st, wlist) #spatial corr

stacf(st, wlist, tlag.max=36)

stpacf(st, wlist, tlag.max=36)

#model fitting

#ar <- matrix(c(1, 1, 1, 0), 1,1)

#ma <- matrix(c(0, 1), 1, 2)

model=starma(st, wlist, ar =1, ma = 1)

model

ab=summary(model)

ab

capture.output(ab, file = "myfile.txt™)

res=model$residuals

stcor.test(res, wlist)
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1. Introduction

The Vector Autoregressive (VAR) model is a powerful multivariate time series modeling
technique that captures the linear interdependencies among multiple time-dependent variables.
Unlike univariate time series models that handle a single variable, VAR models are particularly
useful when the objective is to model and forecast more than one variable simultaneously,
especially when these variables influence each other. In a VAR model, each variable in the
system is expressed as a linear function of its own past values and the past values of all other
variables in the system. This makes VAR especially suitable for modeling complex systems in

which feedback among variables is present, such as in economics, finance, or agriculture.
2. Basic Concepts

The VAR model was introduced by Christopher Sims in 1980 as an alternative to the traditional
structural economic models that imposed strong theoretical restrictions. One of the key features
of the VAR model is that it treats all variables in the system as endogenous by default, meaning
that it does not impose any distinction between dependent (endogenous) and independent
(exogenous) variables initially. This makes the model flexible and data-driven, allowing the
interrelationships among variables to emerge naturally through estimation. Because of this

property, VAR is especially useful in macroeconomic modeling, financial time series
analysis, and agricultural systems where multiple variables are mutually influencing each other

over time.
3. Mathematical Formulation
For two variables (Y; and Y¥;), a VAR(1) model looks like:
Yie = a0 + a11Yie—1) + a12Y2-1) + €14

Yor = a0 + az1Yie—1) + az2Yoe—1) + €3¢



Here, Y;; and Y,, represent the values of the two variables at time ttt, the aija_{ij}aij
coefficients are parameters to be estimated, and e,, e,, are white noise error terms. The model
shows how each variable depends not only on its own lagged values but also on the lagged

values of the other variable.
General VAR(p) Model (for k variables):

LetY; = (V11 V2ur - Yne) denote an (n x 1) vector of time series variables. The basic p-lag

vector autoregressive VAR (p) model has the form:
Yt =A + Blyf_’—l + BZYt—2+P e ,Bka_p +Et (7)

where, Ais (n x 1) vector of intercepts, B; (i=1, 2, ..., p) is k x k matrices of parameters and
€, ~iidN(0,X) (Lama et al. 2016). The number of parameters to be estimated in the VAR

model is k(1 + kp)which increases with the number of variables (k) and number of lags (p).
Illustrative Example:
Here we have two variables:

e Y;: Delhi Tomato Price

e Y,: Lucknow Tomato Price

A VAR(1) model would look like:
Ylt = aq9 + a11Y1(t—1) + a12Y2(t—1) + €1t
Yot = G0 + @21 Yi(t-1) + Q22Y2(e-1) + €2t

Here, both variables are explained by each other’s past, without assuming which one is

exogenous.

In this system, both the Tomato prices are influenced by their own past values and by each
other’s past values. Importantly, the model does not assume both causes price or vice versa in

advance; instead, it lets the data determine the direction and strength of the interrelationships.



4. Steps in Building a VAR Model

Building a VAR model involves a structured sequence of steps to ensure reliable estimation
and forecasting. The first and most critical step is to check whether the time series data are
stationary, as VAR models require stationary input. This is typically assessed using unit root
tests such as the Augmented Dickey-Fuller (ADF) test. If any series is found to be non-
stationary, it must be transformed—most commonly through differencing—to achieve

stationarity.

Once stationarity is ensured, the next step is to determine the optimal lag length for the model.
This is crucial because including too few lags may omit important dynamics, while too many
can lead to overfitting. Lag selection is guided by information criteria such as the Akaike
Information Criterion (AIC), the Bayesian Information Criterion (BIC), or the Hannan-Quinn
Criterion (HQIC), which balance model fit with complexity. With the lag length decided, the
VAR model is then estimated using Ordinary Least Squares (OLS) method. Each equation in
the system is estimated separately, taking advantage of the fact that OLS remains efficient in
this setup due to the identical regressors across equations.

Finally, after the model has been estimated, it can be used to forecast future values of the
variables. VAR models are particularly valuable when the time series under study influence

each other, as they can capture and utilize these interdependencies in the forecasting process.
5. Why Use VAR?

VAR models are especially useful because they can capture the complex dynamic
interdependencies among multiple time series. They are particularly well-suited for
forecasting, policy analysis, and simulations. In applied research, VAR has been widely used
in macroeconomic modeling (e.g., studying the relationship between inflation, interest rate,
and GDP), in financial markets (e.g., modeling stock prices and returns), and in agriculture
(e.g., analyzing the relationship between rainfall, fertilizer use, and crop yields). VAR provides
a framework where researchers can model systems of equations without requiring strong

assumptions about which variables are exogenous or endogenous.



6. Limitations

Despite their flexibility, VAR models come with certain limitations. One major issue is that
the model requires all variables to be stationary. Non-stationary series must be transformed,
which may lead to loss of long-run relationships unless a cointegrated VAR (like VECM) is
used. Another problem is the large number of parameters, especially as the number of variables
and lag length increases. This can lead to overfitting, especially in small samples. Additionally,
VAR models do not imply causality — just because one variable helps predict another does
not mean it causes it. Therefore, further testing such as Granger causality is necessary to

establish directional relationships.
7. Tools for Implementation

VAR models can be implemented using various statistical software. In R, the vars package is
commonly used, which includes functions like VAR() for model, and for predict() for
forecasting. In Python, the statsmodels.tsa.api.VAR module provides similar functionality.
Both tools allow for comprehensive analysis and visualization of multivariate time series using
the VAR framework.

R Practical
Data Used:
e Source: Simulated or actual tomato price data from two Indian cities:
o Tomato_Delhi.csv
o Tomato_Lucknow.csv

e Structure: Each CSV contains price data (assumed to be in column 2).



€ Rstudio

File Edit Code View Plots Session Build Debug Profile Tools Help
Q-1 B O A cotofile/unction | - Addins ~

9 | Untitled1 @ | VAR Class.R* (]
o A1 | [)seurceonsave | Q -1 Srun | %% L | Psource +| 3
install.packages("vars") # Run only once

Tibrary(vars)

# simulated data: yl and y2

Yl=read.csv("C:\\Users\\DELL\\OneDrive\\Desktop\\Training ICAR-NIASM\\VAR\\Tomato Delhi.csv",header = T)
y2=read.csv("C:\\Users\\DELL\\OneDrive\\Desktop\\Training ICAR-NIASM\\VAR\\Tomato lucknow.csv" header = T)

y1=Y1[,2]
y2=Y2[,2]
910 | (Top Level) ¢

OO U B W

R Script

Console  Terminal Background Jobs =
@R -R433 -~/

The following object is masked from ‘package:utils’:
de

> Tlibrary(vars)

Loading required package: MASS
Loading required package: strucchange
Loading required package: zoo

Attaching package: ‘zoo

The following objects are masked from ‘package:base’:
as.Date, as.Date.numeric

Loading required package: sandwich

Loading required package: urca

Loading required package: Imtest

> Yl=read.csv("C:\\Users\\DELL\\OneDrive\\Desktop\\Training ICAR-NIASM\\VAR\\Tomato Delhi.csv", header = T)

> Y2=read.csv("C:\\Users\\DELL\\OneDrive\\Desktop\\Training ICAR-NIASM\\VAR\\Tomato lucknow.csv" ,header = T)
> yl=Y1[,2]

> y2=y2[,2]

) RStudio

File Edit Code View Plots Session Build Debug Profile Tools Help
o - oml = - | 0 | | A Go to fileffunction ~| - Addins -

@ | untitled1 @ | VAR Class.R —
"= A [ |Sourceonsave | G A -| @ = Run | &= ¢ 1L + Source -
Y2=read.csv("C: \\Users \\DELL"ZOneDrivei\“\Desktop“"\Training ICAR-NIASM“WVARMN\Tomatc =

i 0

3
7
8 yl=virl,2]
v2=v2[,2]

o
Fow

Tibrary(tseries)
12 adf.test(yl)

13 adf.test(y2) -

14 4 N

1401 (Top Level) = R Script =
Console  Terminal Background Jobs P |
R - R433 -~/ (=]

finance.

see ‘libraryChelp="tserdies")’ for details.
> adf.testyl)

Augmented Dickey-Fuller Test

data: w1
Dickey-Fuller = -6.7236, Lag order = 5, p-value = 0.01
alternative hypothesis: stationary
warning message:
In adf.test(yl) : p-value smaller than printed p-value
> adf.test(y2)

Augmented Dickey-Fuller Test

data: w2
Dickey-Fuller = -7.6918, Lag order = 5, p-value = 0.01
alternative hypothesis: stationary

warning message:
In adf.test(v2) : p-value smaller than printed p-value
=
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> ##Estimate VAR Model
» var_model <- VAR(data, p = 2, type = "const")
> summary(var_model)

/AR Estimation Results:

indogenous variables: yl, y2
deterministic variables: const

sample size: 154

.0g Likelihood: -2281.72

Roots of the characteristic polynomial:
).7121 0.7121 0.4779 0.4779

call:

/AR(y = data, p = 2, type = "const")

istimation results for equation vyl:

vl =vyl.11 + y2.11 + y1.12 + y2.12 + const

Estimate std. Error t value Pr(>|t]|)
y1.11  0.5426 0.1482 3.660 0.000349
v2.11 0.1753 0.1439 1.218 0.225194
v1.12 -0.6433 0.1463 -4.397 2.08e-05
0
8

3
*
*

s

P S
3 3 3k

v2.12 0.4359 .1395 3.124 0.002148
tonst 561.2837 108.1990 5.188 6.85e-07

5ignif. codes: 0O f*%%' Q0,001 ‘**’ Q.01 ‘*' 0.05 “.” 0.1 * " 1

s

Residual standard error: 562.5 on 149 degrees of freedom
ultiple R-Squared: 0.4628, Adjusted R-squared: 0.4484
T-statistic: 32.09 on 4 and 149 DF, p-value: < 2.2e-16

Stationarity Check (ADF Test):

Performed using the adf.test() from the tseries package.

Variable | ADF Test Statistic | p-value | Stationarity

yl -6.7236 0.01 Stationary

y2 -7.6918 0.01 Stationary

Conclusion: Both series are stationary at 1% level, meaning no differencing is needed.
VAR Estimation Results for y1 (Delhi):

Equation:
yl t=Bryl {t-1} + B2-y2 {t-1} + Bs'yl {t-2} + B+-y2 {t-2} + constant
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Coefficient | Estimate | p-value | Significance
yll 0.5426 | 0.000349 | ***

y2.1 0.1753 | 0.2252 | Not Sig.
yl.2 -0.6493 | 2.08e-05 | ***

y2.2 0.4359 0.0021 **

const 561.2837 | 6.85e-07 | ***

o Adjusted R2: 0.4484

o F-statistic: Highly significant (< 2.2e-16)

o Interpretation: Prices in Delhi are significantly influenced by their own lags and

Lucknow’s second lag.
VAR Estimation Results for y2 (Lucknow):

Equation:
y2 t=Lryl {t-1} + B2y2 {t-1} + Byl {t-2} + fa-y2 {t-2} + constant

Coefficient | Estimate | p-value | Significance
yl.l 0.2449 | 0.0948 | . (marginal)
y2.1 0.6669 | 5.48e-06 | ***

yl.2 -0.6802 | 5.14e-06 | ***

y2.2 0.2808 [0.0423 |*

const 698.3248 | 7.98e-10 | ***

e Adjusted Rz 0.5498
o F-statistic: < 2.2e-16

e Interpretation: Lucknow prices are strongly affected by Delhi’s 2nd lag and its own
past values.
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Residual Diagnostics:
e Residual Correlation:
o yl andy2: 0.8483 — Strong positive correlation between model residuals.

o Covariance Matrix: Shows non-zero interaction between variables — joint modeling

appropriate.
Conclusion:

« VAR modeling provides powerful insights into interconnected price behavior over

space and time.
« Strong spatial linkages suggest price transmission between Delhi and Lucknow.

o This model can be extended to other crops and linked with climatic parameters to assess

and forecast abiotic stress impacts.

Estimation results for equation w2:

y2 = wv1.171 + wv2.71 + yv1.172 + wv2.12 + const

Estimate std. Error t wvalue Pr{>|t]|)

wyl.11 0.2449 0.1457 l1.681 0.0948

v2.11 0.6669 0.1414 4.716 5.48e-06 =#=*%

yvl.12 -0.6802 0.1438 -4.731 5.14e-06 **%*

v2.12 0.2808 0.1371 2.048 0.0423 =

const 698.3248 106 .3187 6.568 7.98e-10 #**¥*

Signif. codes: O *®%*%’ 0.001 “*** Q.01 **~* 0.05 *“.” Oo.1 * " 1

Resdidual standard error: 552.7 on 149 degrees of freedom
Multiple R-Squared: 0.5615, Adjusted R-squared: 0.5498
F-statistic: 47 .7 on 4 and 149 DF, p-value: < 2.2e-16

Covariance matrix of resdiduals:
w1 w2

vl 316426 263763

y2 263763 305524

Correlation matrix of residuals:
wl v

vl 1.0000 O.8483

yv2 0.8483 1.0000
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Forecast of series y1
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Forecast of series y2
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1. Introduction

A time series is a series of data points indexed (or listed or graphed) in time order. Most
commonly, a time series is asequence taken at successive equally spaced points in
time. Functional data often arise from measurements obtained by separating an almost
continuous time record into natural consecutive intervals, for example days. Functional time
series consist of random functions observed at regular time intervals. Examples of functional
time series whose sample elements are recorded sequentially over time are frequently
encountered in many disciplines. For example, in demography and epidemiology, researchers
observe age-specific mortality rate or fertility rate curves over many years, and are interested
in forecasting future mortality/fertility rate curves. Functional time series consist of random
functions observed at regular time intervals. The functions thus obtained from a timeseries {Xk,
k € Z} where each X is a (random) function X«(t), 7 € [a, b]. Functional data pertains to datasets
in which each observation represents a function defined over a continuous domain. FDA deals
with data that are naturally viewed as functions, such as curves or surfaces, and is crucial for

analysing high-dimensional data efficiently.

A functional time series (FTS) arises when functional objects (curves) are collected
sequentially over time. Functional time series (FTS) analysis is an emerging area in statistics
designed for data where each observation is a function, such as daily or seasonal curves of crop
yields, rather than a single value. Functional data analysis (FDA) arises naturally in this context
to exploit the information recorded over a continuum such as time or space. In contrast to
conventional scalar or multivariate data, functional data retains the complete functional
characteristics of the observations, encompassing their shape, evolution, and variability. FDA
is applied widely across fields such as medicine, finance, agriculture, and engineering, enabling
more accurate predictions and insights by leveraging the functional nature of the data.
Functional data analysis also involves estimating functional parameters describing data that are
not themselves functional, and estimating a probability density function for rainfall data is an

example. A theme in functional data analysis is the use of information in derivatives.



Why Use FTS?
« Handles high-dimensional data efficiently
* Reduces noise and enhances interpretability
 Better suited for seasonal and long-term forecasting

Functional Data Analysis (FDA) enables to model, analyse, and interpret continuous variation,
uncovering patterns and relationships that traditional methods may miss. By representing data
as functions, FDA allows for operations like differentiation, integration, and smoothing, which
facilitate deeper exploration of data structure and variation. By extending time series analysis
principles to functional data, FTS incorporates temporal dependencies and patterns that
manifest both within and between these observed curves. Among the numerous existing
contributions, one-step-ahead functional time series forecasting, that is, one-step-ahead
prediction of a curve-valued time series, has been applied in several practical studies. Like
many classical methods for time series forecasting, for example, those based on the Auto
Regressive Integrated Moving Average (ARIMA) family models, the benchmark methods for
FTS forecasting are based on fitting some statistical model of some approximated data
generation. The most common is to fit ARIMA or Variational Auto Regressive (VAR) models
to the Functional Principal Components Scores (FPC) of the functions, see Functional Auto

Regressive (FAR) model.

A FTS is considered (weakly) stationary if it satisfies two conditions: (i) the mean function,
denoted as L, remains independent of time, that is, put = p. (i1) The autocovariance operator at
lag h, denoted as Ch, solely depends on the time distance and is represented as Ch := Cit+h =
Cop.

Model using multivariate time series with as many dimensions as observations per year, such
that every observation of the time series corresponds to the data collected during the entire
year: Y(t) = (X(t,1), ..., X(t,d)). But the dimension is very high (365 dimensions to be precise).
We can reduce the dimension by reducing the frequency of the observations but we lose
information. A final approach is to consider the data as a functional time series Y (t, X), where
we have a function Y(.,x) for every yeart with Y(t,i) = X(t,i). In this case, the yearly
temperature is viewed as a function in time and every observation corresponds to a function,

which describes the yearly temperature.


https://arxiv.org/html/2404.16598v1
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A wide array of modelling approaches has been developed for FTS, reflecting the complexity

and richness of functional data. These models are typically classified into several categories:

e Parametric models, such as functional autoregressive (FAR) and functional moving
average (FMA) models, which extend classical time series models to the functional

domain by capturing linear temporal dependence between curves.

e Nonparametric models, including kernel regression and smoothing methods, which
make minimal assumptions about the underlying process and rely on data-driven
techniques to capture complex dependencies.

e Semiparametric models, which combine linear and nonlinear components to flexibly

model both structured and unstructured variation in the data.

e Dimension reduction and score-based models, where functional principal component
analysis (FPCA) is used to extract key features (scores) from the curves, and these scores
are then forecasted using standard time series methods.

e Multivariate and grouped FTS models, which handle multiple related functional time
series simultaneously, capturing both within- and between-group dependencies
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Exploring Variability in Functional Data:
Any data analysis begins with the basics: estimating means and standard deviations.
Functional Principal Components Analysis:

Goal of FPCA:
= Reduce the infinite-dimensional functional data into a finite number of components.

= Find a set of orthogonal basis functions (eigenfunctions) that capture the most
variability.

Optimal choice of the number of components K needed for the approximation which gives the
best trade-off between bias and variance.

There are several ad hoc procedures that are routinely applied in multivariate PCA, such as the
scree plot or the fraction of variance explained by the first few PC components, which can be
directly extended to the functional setting.

Basis Function Systems for Constructing Functions

which are combined linearly. That is, a function x(t) defined in this way is expressed
in mathematical notation as

x() =YK cp 0.(t) =c (), = (1)
and called a basis function expansion. The parameters ¢y, C2, . . ., Ck are the coefficients
of the expansion. We often want to consider a sample of N functions,
x(t) = XX c1p 0,(0),i=1,2,3,....N and in this case matrix notation for (1) becomes

x(t) = Co(t);

where X(t) is a vector of length N containing the functions xi(t), and the coefficient

matrix C has N rows K columns.

The notion of a basis system is hardly new; a polynomial such as x(t) = 18t*-2t® +V17t2 +
m/2 is just such a linear combination of the monomial basis functions1; t; t?; t3; and t* with
coefficients 7 /2, 0, V17, -2, and 18, respectively. Within the monomial basis system, the
single basis function 1 is often needed by itself, and it the called as constant basis system. But

polynomials are of limited usefulness when complex functional shapes are required. Therefore



we need heavy lifting two basis systems: Splines and Fourier Series. These two systems often

need to be supplemented by the constant and monomial basis systems.

For each basis system we need a function in either R or MATLAB to define a specific set of K
basis functions @,, . These are the create functions. Here are the calling statements of the create
functions in R that set up constant, monomial, Fourier and spline basis systems, omitting
arguments that tend only to be used now and then as well as default values:

basisobj = create.constant.basis(rangeval)

basisobj = create.monomial.basis(rangeval, nbasis)

basisobj = create.fourier.basis(rangeval, nbasis, period)
basisobj = create.bspline.basis(rangeval, nbasis, norder, breaks)

rangeval argument specifies the lower and upper limits of the values of argument t and is a
vector object of length 2. For example, if we need to define a basis over the unit interval [0;1],
we would use a statement like rangeval = ¢(0,1).

The second argument nbasis specifies the number K of basis functions. It does not appear in
the constant basis call because it is automatically 1.

Fourier Series for Periodic Data and Functions:

Many functions are required to repeat themselves over a certain period T, as would be required
for expressing a seasonal trend in a long time series. Fourier basis functions are arranged in
successive sine/cosine pairs, with both arguments within any pair being multiplied by one of
the integers 1, 2 ,3,....up to some upper limit m. If the series contains both elements of each
pair, as is usual, the number of basis functions is K = 1+2m.

Only two pieces of information are required to define a Fourier basis system:

e the number of basis functions K and
e the period T

Example: daybasis65 = create.fourier.basis(c(0,365), 65)

Note that these function calls use the default of T =365, but if we wanted to specify some other

period T, we would use  create.fourier.basis(c(0,365), 65, T)

Spline Series for Nonperiodic Data and Functions:



Splines are piecewise polynomials. Spline bases are more flexible and therefore more
complicated than finite Fourier series. They are defined by the range of validity, the knots, and

the order. There are many different kinds of splines.

Break Points and Knots:

Splines are constructed by dividing the interval of observation into subintervals, with
boundaries at points called break points or simply breaks. Over any subinterval, the spline
function is a polynomial of fixed degree or order, but the nature of the polynomial changes as
one passes into the next subinterval. The term degree to refer the highest power in the
polynomial. The order of a polynomial is one higher than its degree. For example, a straight
line is defined by a polynomial of degree one since its highest power is one, but is of order two

because it also has a constant term. A spline basis is actually defined in terms of a set of knots.
Order and Degree:

Order four splines are often used, consisting of cubic polynomial segments (degree three), and
the single knot per break point makes the function values and first and second derivative values

match.
To summarize, spline basis systems are defined by the following:

e the break points defining subintervals,
e the degree or order of the polynomial segments, and

e the sequence of knots.

The number K of basis functions in a spline basis system is determined by the relation

number of basis functions = order + number of interior knots

By interior here we mean only knots that are placed at break points which are not either at the

beginning or end of the domain of definition of the function.
Example:

13 order four B-splines corresponding to nine equally spaced interior knots over the interval

[0;10], constructed in R by the command

splinebasis = create.bspline.basis(c(0,10), 13)



The B-spline basis system has a property that is often useful: the sum of the B-spline basis

function values at any point t is equal to one.
Other Basis Systems

The exponential basis, a set of exponential functions, exp(akt), each with a different rate

parameter , and created with function create.exponential.basis.

2The polygonal basis, defining a function made up of straightline segments, and created with

function create.polygonal.basis.

The power basis, consisting of a sequence of possibly non integer powers and even negative
powers, of an argument t. These bases are created with the function create.power.basis.

Methods for Functional Basis Objects:
Basis evaluation functions

basismatrix = eval.basis(tvec, mybasis)

basismatrix = eval_basis(tvec, mybasis)

where argument tvec is a vector of n argument values within the range used to define the basis,
and argument mybasis is the name of the basis system that you have created. The resulting

basismatrix is n by K.
Adding Coefficients to Bases to Define Functions:
Coefficient Vectors, Matrices and Arrays:

Once we have selected a basis, we have only to supply coefficients in order to define an object
of the functional data class (with class name fd). If there are K basis functions, we need a
coefficient vector of length K for each function that we wish to define. If only a single function
is defined, then the coefficients are loaded into a vector of length K or a matrix with K rows
and one column. If N functions are needed, say for a sample of functional observations of size

N, we arrange these coefficient vectors in a K by N matrix.

Example: coefficients for mean temperature for each of the 35 weather stations organized into
the 65 by 35 matrix coefmat:



tempfd = fd(coefmat, daybasis65)
Labels for Functional Data Objects:

Adding labels to functional data objects is a convenient way to supply the information needed

for graphical displays.
fdnames = vector("list", 3)

Methods for Functional Data Objects:

As for the basis class, there are similar generic functions for printing, summarizing
and testing for class and identity for functional data objects.

There are, in addition, some useful methods for doing arithmetic on functional
data objects and carrying out various transformations. For example, we can take the
sum, difference, power or pointwise product of two functions with commands like
fdsumobj = fdobj1 + fdobj2

fddifobj = fdobj1 - fdobj2

fdprdobj = fdobj1 * fdobj2

fdsqrobj = fdobj"2

The mean of a set of functions is achieved by a command like

fdmeanobj = mean(fdobj)

Smoothing Using Regression Analysis:
The Linear Differential Operator or Lfd Class:

The concept of a “derivative” could itself be extended by proposing linear combinations of

derivatives, called linear differential operators.

Smoothing is supported using the Lfd class that expresses the concept of a linear differential
operator. An important special case is the harmonic acceleration operator that we will use

extensively with Fourier basis functions to smooth periodic data.
Regression Splines: Smoothing by Regression Analysis

When smoothing function x is defined as a basis function expansion (3.1), the least squares



estimation problem becomes
SSE(c) = X7My; — Xk i O ()1 = X71y; — 0(t)c]?
The least squares estimation process can be defended on the grounds that it tends to give nearly

optimal answers relative to “best” estimation methods so long as the true error distribution is

fairly short-tailed and departures from the other assumptions are reasonably mild.
Data Smoothing with Roughness Penalties:

The roughness penalty approach uses a large number of basis functions, possibly extending to
one basis function per observation and even beyond, but at the same time imposing smoothness

by penalizing some measure of function complexity.
Choosing a Roughness Penalty:

We define a measure of the roughness of the fitted curve, and then minimize a fitting criterion
that trades off curve roughness against lack of data fit. Whatever roughness penalty we use, we
add some multiple of it to the error sum of squares to define the compound fitting criterion.

F(c) =X;ly; — x(tj)]2 + 2 [[D2x(t)]?dt

where x(t) = ¢’ @(t). The smoothing parameter A specifies the emphasis on the second term
penalizing curvature relative to goodness of fit quantified in the sum of squared residuals in
the first term. As A moves from 0 upward, curvature becomes increasingly penalized. With |

sufficiently large, D?(x) will be essentially 0.
Details of fdPar Class and smooth.basis Function:
The fdPar class:

fdPar(fdobj=NULL, Lfdobj=NULL, lambda=0, estimate=TRUE, penmat=NULL)

The arguments are as follows:

fdobj A functional data object, functional basis object, a functional parameter object or
a matrix. If it a matrix, it is replaced by fd(fdobyj). If class(fdobj) == ’basisfd’, it

is converted to an object of class fd with a coefficient matrix consisting of a single column
of zeros.

Lfdobj Either a nonnegative integer or a linear differential operator object. If NULL, Lfdobj



depends on fdobj[[’basis’]][[ type’]]: bspline Lfdobj = int2Lfd(max(0, norder-2)),
where norder = norder(fdobyj).

fourier Lfdobj is a harmonic acceleration operator set up for the period used to define the
basis. anything else Lfdobj <- int2Lfd(0)

lambda: A nonnegative real number specifying the amount of smoothing to be applied to the
estimated functional parameter estimate.

penmat: A roughness penalty matrix. Including this can eliminate the need to compute this
matrix over and over again in some types of calculations

Exploring the Variation:
Functional Principal Component Analysis:

In functional PCA, there is an eigenfunction associated with each eigenvalue, rather than an
eigenvector. These eigenfunctions describe major variational components. Applying a rotation
to them often results in a more interpretable picture of the dominant modes of variation in the

functional data, without changing the total amount of common variation.
Principal component analysis is implemented in the functions pca.fd in R.
pca.fd(fdobj, nharm = 2, harmfdPar=fdPar(fdobj), centerfns = TRUE)

The first argument is a functional data object containing the functional data to be analysed, and
the second specifies the number of principal components to be retained. The third argument is
a functional parameter object that provides the information necessary to smooth the

eigenfunctions if necessary.

Function pca.fd in R returns an object with the class name pca.fd, so that it is effectively a
constructor function. Here are the named components for this class.

harmonics A functional data object for the = harmonics or eigenfunctions Xx;. values. The
complete set of eigenvalues m. scores  The matrix of scores ci;jon the principal components
or harmonics. Varprop A vector giving the proportion p;/ ¥, uj of variance explained by each
eigenfunction.

meanfd A functional data object giving the mean function.
Tests on Stationarity and Independence

Two functional observations are independent if the probability factorizes and a time series is

stationary if its distribution remains constant over time. For functional data, we use the



CUSUM statistic to determine whether a time series is (weakly) stationary and a Portmanteau-

type test to validate (or reject) the null hypothesis of independence.
Testing for weak stationarity

When working with time series, we want to know if they are stationary, because in this case
we do not need to take temporal changes into account. However, stationarity is difficult to
measure and we often use the time series’ moments as proxy. Intuitively, if the moments do
not change over time, we can neglect temporal changes of the underlying distribution. Thus,
instead of testing for stationarity, we want to test whether the mean and (auto-)covariances of

the given time series are time-invariant.

For a functional time series Y(1)(x), Y(2)(x), ..., Y(n)(x), this translates into the hypotheses
Ho:E[Y(L)] = =E[Y(n)] vs. Hy:E[Y()]#E[Y1)] (1)

forsomei {2, ..., n}and

HM S E[Y(1)Y(1+ h)] = - = E[Y(n— h)Y(n)]
vs. H® B[Y()Y(i+ h)] #E[Y(1)Y(1+ h)]

forsomei €{ 2, ..., n-h}.

The time series Y(i) is weakly stationary if the null hypotheses are valid for any positive
integer h. Note that the first- and second-order moments of Y(i) are functions themselves. So
equality of two functions depends on the function space. In the space of continuous functions,
for example, two functions f and g are equal if they are equal in any point x, so if f(x)=g(x).
Contrarily, two functions are equal in the space of square-integrable functions L2 if they
coincide in almost every point (w.r.t. the Lebesgue measure).

As in the univariate scenario, we can employ the CUSUM statistic, which basically compares
the average of the first with the average of the remaining observations. The (functional)
CUSUM statistic is defined as

|un| n
Clu,x) = % oY)~ 230 Y.
i=1 i=1



Under the null hypothesis (and weak assumptions), Vn C(u, x) converges weakly to a centered
Gaussian process B(u, x) with unknown covariance function in the space L2([0,1]?) with
norm ||.||>. Contrarily, Vi C(u, x) deviates to +o or -oo under the alternative. So if \n Cu,
X) deviates too much from its limit B(u, x), we can reject Ho.

A Portmanteau-type test

Similarly to stationarity, stochastic independence is difficult to measure and we use the time
series’ (auto)covariance structure as a proxy to assess its degree of dependence. For simplicity,
we assume that the time series is stationary and centered, that is E[Y(i)]=0 (this hypothesis can
be tested analogously to the presented procedure). Again, we are mainly interested in
autocovariances with small lags h. In line with the classic Portmanteau test, we consider the

hypotheses

Ho : max | E[[Y ()Y (h+1)]|2 =0 v, Hy : max [E[[Y(1)Y(h+1)]l> > 0.

As before, the second order moments of a functional time series are functions themselves, so

we formulate the hypotheses in terms of their norms.

import pandas as pd

import numpy as np

from scipy.signal import correlate2d

df = pd.read_csv('Sydney.csv') # Load data set

df.interpolate(inplace=True)  # Impute missing values
df.drop(df.columns[[0,1,6,7]],axis=1,inplace=True) # Drop unused columns

df = df[df['Year']<2018] # Drop observations from 2018

# Restructure data: rows correspond to different observations, columns are the different days
df = df.pivot(index="Year', columns=['Month','Day'], values='"Minimum temperature (Degree
C))

df.drop((2, 29), axis=1, inplace=True) # Drop 29th of February

df.index = df.index - min(df.index) # Change index

Testing for stationarity of the mean:

In order to test for stationarity of the mean, we define three auxiliary functions to calculate the

CUSUM statistic, the _L2-_norm and bootstrap replicates to approximate the quantile.



def calculate_cusum(X):
n = X.shape[0]
X_cusum = ( np.cumsum(X) - np.tensordot(np.arange(1,n+1)/n, np.sum(X), axes=0) ) / n
return X_cusum
def calculate_12_norm(X):
12_norm = np.sqrt((X**2).mean())
return 12_norm
def generate_bootstrap_replicate(X):
n, d = X.shape
random_multipliers = np.random.randn(n)
# Calculate local mean
kernel = np.ones(2*bw+1).reshape((2*bw+1,1))
conv_loc_mean = correlate2d(X,kernel,mode="full’)[bw:-bw]
weights = 1/np.convolve(np.ones(2*bw+1), np.ones(conv_loc_mean.shape[0]))[bw:-bw]
local_mean = np.multiply(conv_loc_mean, weights[:, np.newaxis])
# Calculate bootstrap replicate
conv_arr = correlate2d(X - local_mean,np.ones(m).reshape((m,1)),mode="full’)[m-1:]/
np.sqrt(m)
scalar_prod = np.multiply(conv_arr, random_multipliers[:, np.newaxis])
bootstrap_replicate = scalar_prod.cumsum(axis=0)/np.sqrt(n)
I2_norm = calculate_I2_norm(bootstrap_replicate)
return 12_norm
n = df.shape[0]
test_statistic = np.sqrt(n) * calculate_I2_norm(calculate_cusum(df).to_numpy())
m=5
bw =25
K =1000
alpha = 0.05
bootstrap_replicates = np.zeros(K)
for k in range(K):
bootstrap_replicates[k] = generate_bootstrap_replicate(df)
quantile_approx = np.sort(bootstrap_replicates)[round((1-alpha)*K)]
print("Test Statistic: ' + str(round(test_statistic,3)))
print('Approximated quantile: ' + str(round(quantile_approx,3)))
if test_statistic > quantile_approx:
print('The null hypothesis can be rejected’)
else:
print('The null hypothesis cannot be rejected’)

Test Statistic: 2.11
Approximated quantile: 1.84
The null hypothesis can be rejected

D N N NN

The output suggests that we can reject the null hypothesis of a constant mean function.
Thus, it is unlikely that the temperature was stationary in Sydney from 1859 to 2017,

which suggests a change in climate.



Forecasting Methods

Functional Auto Regressive Moving Average Method:

Research in functional data analysis has led to functional ARIMA (FARIMA) models, which

generalise ARIMA concepts to infinite-dimensional settings. These models are mathematically

more complex and typically require specialised statistical software and expertise.

Key Steps in Practice:

1. Preprocessing: Ensure each function is well-defined and aligned (e.g., same domain,

normalisation).
2. Dimension Reduction: Use F
set of scalar scores.

PCA or similar techniques to reduce each function to a

3. Stationarity Check: Check and, if necessary, difference the score series to achieve

stationarity.

4. Model Fitting: Fit ARIMA models to each principal component score series.

5. Forecasting: Predict future scores using the fitted ARIMA models.

6. Reconstruction: Combine the predicted scores with the principal components to

reconstruct the forecasted func

tion.

Approach

Description

FPCA + ARIMA on Scores

Reduce functions to scores, fit ARIMA, reconstruct functions

Nonparametric/Projection
Methods

Use projections or nonparametric techniques for curve
forecasting

R code for Functional ARIMA:

required_packages <- c("lubridate”, "f

orecast”, "fda", "fda.usc","dplyr","tidyr","readxI",

"ggpplot2”,"ftsa","funtimes","STFTS")
install_if_missing <- function(packages) {
new_packages <- packages[!(packages %in% installed.packages()[, "Package"])]

if(length(new_packages)) {

install.packages(new_packages, dependencies = TRUE)

}
}
# Install missing packages
install_if_missing(required_packages)
library(readxl)
library(dplyr)




library(tidyr)
library(lubridate)
library(fda)
library(ftsa)
library(ggplot2)
library(data.table)
library(fda.usc)
library(forecast)
library(funtimes)
library(STFTS)
# Set working directory (assuming the file is there)
setwd(""C:/Users/pc/Downloads/")
# Load the Excel file and sheet
df <- read_excel("Tomato.xlsx", sheet = 1)
# Data Cleaning and Preparation for Functional Data
df$date <- as.Date(df$Date, format="%Y-%m-%d")
df processed <- df %>%
mutate(
year = year(Date),
day_of year = yday(Date)
) %>%
filter(year %in% 2018:2024) # Filter for the specific years 2018-2024
# Reshape to matrix: Years as rows, Days of Year as columns
arrival_matrix_daily <- df_processed %>%
pivot_wider(
id_cols = year,
names_from = day_of year,
values_from = Arrivals,
values_fn = mean, # Use mean in case of multiple entries per day/year
names_sort = TRUE
) %>%
arrange(year)
rownames(arrival_matrix_daily) <- arrival_matrix_daily$year
arrival_matrix_daily <- arrival_matrix_daily %>%
dplyr::select(-year) %>%
as.matrix()
print("Dimensions of initial arrival_matrix_daily (Years x Days):")
print(dim(arrival_matrix_daily))
# Likely 7x366 if 2020 or 2024 is present
# Remove the last column if there's a 366th day (leap year) to make it consistent
# This assumes you want a 365-day domain for all functions
if (ncol(arrival_matrix_daily) > 365) {
arrival_matrix_daily <- arrival_matrix_daily[, 1:365]
}
print("Dimensions after removing possible 366th day (Years x Days):")
print(dim(arrival_matrix_daily)) # Should now be 7x365
# Define evaluation points (days 1 to 365)
argvals <- 1:ncol(arrival_matrix_daily)



rangeval <- range(argvals)

# Create Fourier basis
nbasis <- 21
fourier_basis <- create.fourier.basis(rangeval = rangeval, nbasis = nbasis)

# Smooth the data to create functional data objects (7 functions)
fd_smooth <- smooth.basis(argvals = argvals, y = t(arrival_matrix_daily), fdParobj =
fourier_basis)$fd
plot(fd_smooth,main="Smoothened functions")
print("Number of functional observations after smoothing:™)
print(length(fd_smooth$coefs[1,])) # Should be 7
fd_matrix <- eval.fd(eval_points, fd_smooth)
print("Dimensions of evaluated functional data matrix (Days x Years):")
print(dim(fd_matrix)) # Should be 365x7
fts_obj <- fts(eval_points, y = fd_matrix)
print("Number of functional observations in fts object:")
print(dim(fts_obj$y)[2])
spatial_diff2_matrix <- apply(fd_matrix, 2, diff, differences = 1)
print(dim(spatial_diff2_matrix))
spatial_argvals <- argvals[-(1:2)] # Remove the first two points
result_spatial_diff2 <- T_stationary(
sample = spatial_diff2_matrix, # Pass the 363x7 matrix
L =21, # Number of basis functions (adjust based on 363 domain?)
J =500, # Truncation level (adjust based on 363 domain?)
MC_rep = 1000, # Number of Monte Carlo replications
cumulative_var = 0.90,# Variance explained for dimension reduction within
Kerl = FALSE,
Ker2 = TRUE,
h = ncol(spatial_diff2_matrix)"0.5, # Default h calculation is correct for N=7
pivotal = FALSE,
use_table = FALSE,
significance = "5%"
)
cat("\nStationarity test p-value for the SECOND SPATIAL DIFFERENCE:",
result_spatial_diff2$p.value, "\n")
class(spatial_diff2_matrix) #"matrix" "array"
train_matrix <- spatial_diff2_matrix[, 1:6] # 363 x 6
test_ matrix <- spatial_diff2_matrix[, 7, drop = FALSE]
spatial_argvals <- 1:nrow(spatial_diff2_matrix) # 1:363
fts_train <- fts(spatial_argvals, y = train_matrix)
fts_test <- fts(spatial_argvals, y = test_matrix)
# Fit model to training data
fit_model <- ftsm(fts_train)
# Forecast the next curve (test year)
fc <- forecast(fit_model, h = 1,method = "arima")

Conclusion:



In the present study, relevant techniques were applied to develop a functional ARIMA model
for forecasting Tomato Arrivals. The comparison study revealed that FARIMA outperforms

classical ARIMA model in forecasting Tomato Arrivals.
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Introduction

Trend Impact Analysis (T1A) is an advanced forecasting technique that extends traditional time
series analysis by explicitly accounting for the potential effects of unexpected or external
events, known as interventions on an existing trend. Unlike purely statistical extrapolation
methods, which assume that past patterns will continue unchanged, trend impact analysis
recognizes that real-world time series are often disrupted by unforeseen forces such as policy
changes, economic shocks, technological innovations, natural disasters, pandemics, or other
rare but influential events. In agricultural and environmental sciences, trend impact analysis is
especially important because external interventions; like the introduction of a new crop variety,
sudden pest outbreaks, extreme weather events, or government policy reforms can dramatically
alter the trajectory of production, prices, or yields. By combining quantitative time series
models with structured expert judgment or explicit intervention variables, TIA provides a
practical way to integrate both historical data and anticipated future disruptions into
forecasting. The core idea of trend impact analysis is to identify the point of intervention,
measure its effect on the mean level or trend of the series, and model the pattern of this impact
over time. This can be achieved through parametric statistical methods such as the ARIMA
Intervention Model, where the intervention is built directly into the ARIMA framework by
adding an intervention component with appropriate indicator variables. Depending on the
nature of the event, the effect may be immediate and temporary (pulse), sudden and permanent

(step), or gradual but increasing (ramp).

Trend impact analysis is widely used in agricultural research, social sciences, economics, and
policy planning to assess the consequences of unigque events on production, market dynamics,
supply chains, or resource use. It not only provides more realistic forecasts but also helps
decision-makers understand possible future scenarios under different assumptions. In modern

applications, trend impact models can also be combined with machine learning techniques,



such as Artificial Neural Networks (ANNs) and hybrid approaches, to capture non-linear
patterns and complex interactions when interventions occur. This lecture note introduces the
ARIMA Intervention Model, explains its components, types of interventions, coding of
indicator variables, and demonstrates how it can be implemented using open-source tools like
the forecast package in R. It also touches on advanced extensions, such as the NARX
(Nonlinear Autoregressive Model with Exogenous Inputs), which integrates intervention
effects into neural network frameworks for more flexible modeling of dynamic systems

impacted by external forces.

Trend Impact Analysis plays an important role in understanding and forecasting climatic
variables that are often disrupted by unexpected natural events or human activities. Climate
time series such as rainfall, temperature, drought indices, or humidity can show abrupt changes
due to phenomena like extreme weather events, major floods, prolonged droughts, or policy
actions like large-scale afforestation or emission reduction programs. By applying the ARIMA
Intervention Model, researchers can identify when such interventions or events occur and
measure how they shift the mean level or trend of a climatic variable over time. For more
complex and nonlinear climate dynamics, the NARX (Nonlinear Autoregressive Model with
Exogenous Inputs) is useful for modeling situations where the impact of an external factor
unfolds in a nonlinear way. For example, gradual land use change, deforestation, or changes in
irrigation patterns may have delayed and nonlinear effects on local temperature and rainfall.
By combining lagged climate variables with external drivers, the NARX model captures these
intricate relationships, helping researchers develop better forecasts and design climate

adaptation strategies.
ARIMA Intervention Model

ARIMA Intervention model was developed by Box and Tiao (1975). Time series
intervention analysis is an application of modelling procedures for incorporating the effect of
exogeneous forces or interventions in time series analysis. This intervention can be government
policies, strikes, earthquakes, price changes, floods, pandemic and other irregular events. It
causes unusual changes in time series. So, simply we can say that intervention analysis in time
series refers to the analysis of how mean level of a series change after an intervention. An

intervention model is given by



B, + 28,

_ w(B)
Y ¢(B)

T 8(B)
Yi=[Intervention component] * I; + ARIMA model
Where Yt =dependent variable
It = indicator variable coded according to the type of intervention.
oB) =1+ 61 B +... & B"—slope parameter.
@(B)= wmot+ an B +... os B® — impact parameter.
#B) = 1- ¢ B- $B? - ...- ¢ BP- Autoregressive parameter.
AB) = 1- & B- 6:B?-... - 6, BY— Moving average parameter.
b = delay parameter, B=Backshift operator i.e. B® Yt =Yt.a, &t = White noise or error term.
Types of Intervention

Time series interventions are broadly classified as step intervention, pulse/point

intervention and ramp intervention based on nature and duration of interventions effects.
Step intervention:

It happens at a certain point of time and continues to exists in the subsequent time
periods. The step intervention’s impact may remain constant over time, or it may increase or
decrease. this type of intervention occurs in agriculture when a new variety, pesticide, or

economic policy is introduced.
Pulse Intervention

It happens only for a short period of time, but the impact of these type of intervention
can last only for that time period or may last for a longer period of time. For example; in
agriculture these types of interventions are seen where there is an extreme drought, flood, or

insect-pest infestation.

Ramp Intervention



It happens at a specific point in time and continues to exist with rising severity in the
subsequent time periods. The impact of this action will continue to increase over time. For

example, the price of agricultural commodity increases over a period of time.
Indicator variables:

The range of values that an intervention variable can take is generally determined by
the type of intervention. For step intervention

k=0,t<T,1,t=>T’
Where Tis the time of intervention when it is first occurred.

For Pulse intervention
lk=0,t=T"
1,t=T"
For Ramp intervention
k=0,t<T”’
t-T+1,t>T7
The Table 3.3 shows an example of indicator coding for types of interventions,
assuming that the intervention took place at 4™ time point. Fitting the intervention model

follows the same three steps as the ARIMA model i.e. identification, estimation, diagnostic

checking.

The “forecast” package (Hyndman et al. 2008) in R software was used to build for
ARIMA intervention model. The intervention parameter indicates the change, either the impact
IS positive, negative or no impact due to occurrence and spread of covid -19 pandemic. A model
was considered valid when all the coefficients were significant and the residuals were found to
be non-autocorrelated by means of Ljung-Box test. For selection of suitable candidate models,
the loglikelihood value, minimum Akaike Informative Criteria (AIC) and Bayesian
Informative Criteria (BIC) were used to select the best model.

Table: VValues of intervention variable under different functions

Time t Step intervention It Pulse intervention I Ramp intervention I
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Neural Network Intervention Model

The Nonlinear autoregressive exogeneous model is a recurrent dynamic neural
network. The model works same as Artificial Neural Networks (ANN) with exogenous
variables which is discussed below. Lagged values of the intervention variable were considered
as exogeneous Vvariables. Since we have used intervention component in ANN, which is
nomenclature as ANN Intervention model henceforth (Vega et al 2001). The classical ANN
model allows making forecasts based on only past values of the forecast variable. The model
assumes that future values of a variable depend on its past values, as well as on the values of
past exogeneous variables. The ANN Intervention model is an extended version of the ANN
model, where it includes other independent (predictor) variables called as intervention variable,

the model is also referred to as the vector ANN model.

ANN forecasting models typically assume that each observed value is an unknown
nonlinear function F of C lags ty, t, ..., f, for a given univariate time series {X;, t = 1,2, ...,
n}, where X; € R,

Xt = F (Xe-t1, Xet2, -vvs Xtetc) + &

Where the error & is error of zero mean. Next, we assume that m interventions have
been observed throughout time periods 1, 2, ..., I'm. Depending on the nature of the
interventions., we define m auxiliary variables &i', &', ..., Sn'. As aresult, we can investigate
a nonlinear forecasting model with C lags 1y, {, ..., fcand m interventions;

Xt = F (Xet1, Xet2, <oy Xetc , 01, &, oo, ) + &
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Fig.: Diagram of ANN with Intervention variable

“Ilustration

The time series intervention model based TIA has been employed for envisioning crop yield scenarios

for maize, potato, rice, tomato, okra, cabbage, mustard yield.

Tablel: Parameters for Maize Yield Scenario

Initial Impact 10
(percentage)

Maximum Impact 25
(percentage)

Steady State Impact 20
(percentage)

Time to maximum impact 7

(year)
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Time to steady state impact 15
(year)
Unprecedented technology Bt Maize
Maize yield Scenario
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Fig : Maize yield scenarios
Table2: Parameters for Potato Yield Scenario
Initial Impact 5
(percentage)
Maximum Impact 20
(percentage)
Steady State Impact 13
(percentage)
Time to maximum impact (year) 5
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Time to steady state impact (year) 8

Unprecedented technology Transgenic potato

Potato Yield Scenario
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Fig 4: Potato yield scenarios
Table: Parameters for Rice Yield Scenario
Initial Impact 7
(percentage)
Maximum Impact 20
(percentage)
Steady State Impact 18
(percentage)
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Time to maximum impact (year) 7

Time to steady state impact (year) 15

Unprecedented technology Golden Rice

Rice yield Scenario
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Fig.: Rice yield scenarios
Table4: Parameters for tomato Yield Scenario
Initial Impact 6
(percentage)
Maximum Impact 10
(percentage)
Steady State Impact 9
(percentage)
Time to maximum impact (year) 5
Time to steady state impact (year) 10
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Unprecedented technology Transgenic tomato

Tomato yield Scenario
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Fig.: Tomato yield scenarios
Table: Parameters for okra Yield Scenario
Initial Impact 2
(percentage)
Maximum Impact 10
(percentage)
Steady State Impact 7
(percentage)
Time to maximum impact (year) 10
Time to steady state impact (year) 5
Unprecedented technology Transgenic okra
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Okra yield scenario
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Fig .: Okra yield scenarios

Table: Parameters for Cabbage yield Scenario

Initial Impact 4
(percentage)

Maximum Impact 15
(percentage)

Steady State Impact 12
(percentage)

Time to maximum impact (year) 8

Time to steady state impact (year) 10

Unprecedented technology Transgenic cabbage
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Cabbage yield scenario
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Fig: Cabbage yield scenarios

2009-10
2010-11

2011-12

2012-13

2013-14

2014-15

2015-16

2015-16
2016-17

2017-18

2018-19

2019-20
2020-21

2021-22
2022-23
2023-24
2024-25

Table : Parameters for Mustard yield Scenario

2025-26

2026-27

2027-28

2028-29

2029-30

Initial Impact 30
(percentage)

Maximum Impact 50
(percentage)

Steady State Impact 45
(percentage)

Time to maximum impact (year) 3

Time to steady state impact (year) 10

Unprecedented technology Bt Mustard
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Mustard yield scenario
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Fig 9: Mustard yield scenarios
Conclusion

In this study, by integrating Delphi, GOS tree and time series intervention-based TIA a
methodology has been proposed for envisioning crop yield scenarios. The proposed approach
has been employed for envisioning crop yield scenarios of maize, potato, rice, tomato, okra,

cabbage, mustard at All-India level considering the impact of Bt technology.

Trend Impact Analysis (TIA) offers a valuable extension to classical time series forecasting
methods by explicitly integrating the effects of unexpected interventions or exogenous forces
that can significantly alter the trajectory of a variable of interest. Unlike traditional time series
models that assume continuity of past trends, intervention-based models like the ARIMA
Intervention Model and its nonlinear counterpart, NARX, help capture the real impact of

sudden or gradual external events, resulting in more realistic and actionable forecasts.

In this study, by combining structured expert judgment (Delphi), GOS tree analysis, and time
series intervention modeling, a robust TIA framework was developed for envisioning future
crop yield scenarios. This integrated approach was successfully applied to major crops —
including maize, potato, rice, tomato, okra, cabbage, and mustard at the All-India level to assess
the impact of Bt technology adoption. The results demonstrated that the trend intervention-

based models consistently outperformed classical time series models in capturing shifts caused
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by technological interventions, providing more accurate and policy-relevant insights for

agricultural planning and technology foresight.

These findings highlight that TIA, especially when combined with hybrid modeling techniques
and expert inputs, can serve as an effective decision-support tool for researchers, policymakers,
and planners to understand possible future scenarios and design resilient strategies in the face

of climatic and technological disruptions.
R codes:

rm(list=1s())

library(forecast)

library(tseries)

library(TSA)

library(ggplot2)

library(tidyverse)

library(Imtest)
g=read.table(file="Gudumalkapur.txt",header=T)

head(g)

dim(g)

Box.test(g$Arrivals)

bdsTest(g$Arrivals, m = 3, eps = NULL, title = NULL, description = NULL)
al=g$Arrivals[1:2856]

a2=g$Arrivals[2857:2887]

i1=g3$Int[1:2856]

12=0g3%Int[2857:2887]

Box.test(al)

acf(al)

pacf(al)

i ARIMA Fitting s
ml=auto.arima(al)

coeftest(m1)

accuracy(ml)

Box.test(m1$residuals)

fitted1=m1$fitted

write.csv(as.data.frame(fittedl), file="ARIMA_Fitted.csv")
f1=forecast(m1, h=30)

fl1=data.frame(f1)

f12=f11$Point.Forecast

mapel=abs(a2-f12)/abs(a2)

mapell=mean(mapel)*100

mapell

write.csv(as.data.frame(f12), file="ARIMA_Forecasted.csv")
HHHH AT ANN SR
m2=nnetar(al,2, P=1, 5, repeats=25, xreg=NULL, lambda=NULL, model=NULL,
subset=NULL, scale.inputs=TRUE, maxit=150)



m2

accuracy(mz2)

fitted2=m2$fitted

write.csv(as.data.frame(fitted2), file="ANN_Fitted.csv")
Box.test(m2$residuals)

f2=forecast(m2, h=30)

f21=data.frame(f2)

f22=f21$Point.Forecast

mape2=abs(a2-f22)/abs(a2)

mape21=mean(mape2)*100

mape21

write.csv(as.data.frame(f22), file="ANN_Forecasted.csv")
R ARIMA Int #HHH
m3=auto.arima(al, xreg=il)

coeftest(m3)

accuracy(ma3)

fitted3=m3$fitted

write.csv(as.data.frame(fitted3), file="ARIMA _Int_Fitted.csv")
Box.test(m3$residuals)

f3=forecast(m3, h=30, xreg=i2)

f31=data.frame(f3)

f32=f31$Point.Forecast

mape3=abs(a2-f32)/abs(a2)

mape31=mean(mape3)*100

mape31

write.csv(as.data.frame(f32), file="ARIMA _Int_Forecasted.csv")
A ANN It

m4=nnetar(al,2, P=1, 5, repeats=25, xreg=i1, maxit=150)
m4

accuracy(m4)

fitted4=m4$fitted

write.csv(as.data.frame(fitted4), file="ANN_Int_Fitted.csv")
Box.test(m4$residuals)

f4=forecast(m4, h=30, xreg=i2)

fA1l=data.frame(f4)

f42=f41$Point.Forecast

mape4=abs(a2-f42)/abs(a2)

mape41=mean(mape4)*100

mape4l

write.csv(as.data.frame(f42), file="ANN _Int_Forecasted.csv")
#HHHHEHEHSIgnificance Comparison #HHHHHH
HiHHHHEHE For testing set #H#HH#

dm.test(m1$residuals, m2$residuals)
dm.test(m1$residuals, m3$residuals)
dm.test(m1$residuals, m4$residuals)
dm.test(m2$residuals, m3$residuals)
dm.test(m2$residuals, m4$residuals)
dm.test(m3$residuals, m4$residuals)



HiHHHHEHE Y OU have to do it for testing set also #####
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1. Introduction

In econometrics, cointegration analysis is used to estimate and test stationary linear relations,
or cointegration relations, between non-stationary time series variables such as consumption
and income, interest rates at different maturities, and stock prices. The significance of
cointegration analysis is its intuitive appeal for dealing with difficulties that arise when using
non-stationary series, particularly those that are assumed to have a long-run equilibrium
relationship. Cointegration is a statistical property possessed by time series variables that is
defined by the concepts of stationarity and the order of integration of the series. A time series
is said to be stationary if its mean and variance are constant over time and the value of
covariance between two time periods depends only on the distance or gap or lag between the
two time periods and not on the actual time at which the covariance is computed. A non-
stationary time series data will have time varying mean or variance or both. In econometric
analysis, most often the interest variables are non-stationary in nature, therefore econometric
models with nonstationary stochastic variables should be formulated in such a way that the
results will provide valid and meaningful economic and statistical interpretation. When the
observed time series presents trend, differencing is often applied to the data to remove the trend before
a model can be applied. The order of integration of a series is given by the number of times the
series must be differenced in order to produce a stationary series. A series generated by the first
difference is integrated of order 1 denoted as (1) while a time series as 1(0), is stationary in
nature.

In many economic and financial market, cointegration plays an important role in terms
of the strength and speed of price transmission between markets across various regions of a
country. The degree to which consumers and producers can benefit, depends on how domestic
markets are integrated with world markets and how integrated the different regional markets

are with each other. With high integration among markets, low barriers to trade (price are



similar) and increases fluidity between markets while with low integration, high barriers to
trade causing price fluctuation between them. Earlier, the price correlation coefficients and
regression analysis were used to explore whether or not markets were connected by price
changes. However, price correlation coefficients can be misleading due to the existence of
trends or unit roots in the data. The regression analysis in measuring market integration was
customized using the time series variables in their first difference order, but this caused the loss
of long-run information. Cointegration analysis, on the other hand, allows eliminating the
presence of unit roots and permits to stay away from specious results, thus enhancing the
accuracy of research findings. Cointegration implies for Granger causality between the
variables, meaning that if two markets are integrated, the price in one market, would commonly
be found to Granger-cause the price in the other market, and/or vice versa. Therefore, Granger
causality provides additional evidence as to whether and in which direction price transmission
is occurring between two markets.
2. Model Specification
2.1 Vector Autoregressive(VAR) process
A VAR is a simple extension of the AR(k) framework and is given by:

Y, =8+ AV, g +AY, o+ 4+ A Yooy + g (i)
where, u;~IN(0,2)
where, Y; = (Y1, Yor, .., Yne)' 1S (n X 1) random vector of endogenous variables, each of the
A; isan (n x n) matrix of parameters, ¢ is a fixed (n x 1) vector of intercept terms. Finally,
u; = (Ugp, Uy, -, Uy )" 1S @ N-dimensional white noise or innovation process, i.e., E(u;) = 0,
E(us,u.) =X and E(ugu') = 0 for s # t. The covariance matrix X' is assumed to be non-

singular.

2.2 Cointegration process
Cointegration analysis is used to examine whether long-run equilibrium relationships exist

between two or more series. The long-run relationship is given as:
Pl=ay+ a,P+ ¢ (i)

where P} and P2 is the price of a commodity in two different markets (say). If &, is stationary,
then market prices are said to be cointegrated. The cointegration analysis reflects the long-run
movement of price series, although in the short run they may drift apart. Johansen’s

multivariate cointegration approach is used to examine cointegration between two price series.



Before conducting cointegration test, it is mandatory to perform stationarity test. Augmented
Dickey-Fuller (ADF) test is performed to check stationarity for the series. The ADF test is
based on the regression of original price series including the intercept, trend, regression of first
difference series and lags of the differenced series. The variables that are integrated of the same
order may be cointegrated, and the unit root test finds out which variables are integrated of
same order, for example; if integrated by order one then it is denoted as I(1) and if integrated
of order p then it is denoted as I(p). The ADF unit root test equation can be expressed as

follows:
Ay, = By + Bot + 8yp_1 + XiZq aibye_; + & (iii)

where Ay, is a vector to be tested for cointegration, t is time or trend variable. Ay, is the first
difference ie., (Ay: = y; — y¢_1), & 1S awhite noise term. The null hypothesis that, Hy: § = 0;
signifying unit root, states that the time series is non-stationary while the alternative hypothesis,
H;: 6§ < 0, signifies that the time series is stationary, thereby rejected the null hypothesis. Since
ADF tests tell us whether a time series is integrated or not, therefore the test is known as a

“Test for integration”.

2.3 Johansen’s Cointegration Tests

A cointegrated system can be written as:

Ay, =Y LAy + af'yey + & (iv)

where y; is the price series, Ay; is the first difference i.e., (Ay; = y; — y:—1), and the matrix
aB’is n x n with rank (0 < r < n), which is the rank of linear independent cointegration
relations in the vector space of matrix. The Johansen’s method of cointegrated system is a
restricted maximum likelihood method with rank restriction on matrix IT = af8’. The rank of

[T can be obtained by using As,-qce OF Amqx teSt statistics. The test statistics can be written as:
Adrace = =TY¥M, .sIn(1-2) Vr=0,1,..,n—1 (v)

where 1,’s are the Eigen values representing the strength of the correlation between the first
difference part and the error-correction part. Now the following hypotheses are tested, under
null hypothesis, Hy:rank of Tl = r and under alternative hypothesis, Hy:rank of T1 > r.

where r is the number of cointegration equations. The above test is carried under the condition



of cointegrating equation has only intercept (no trend) and the original price series follows a

trend since the mean and variance are non-constant over a period of time (non-stationary).

2.4. Granger Causality test

The time series being cointegrated, Granger causality test is carried out to examine the direction
of causality. If two markets are integrated, then price in one market would commonly found to
Granger cause the price in other market and/or vice versa. Granger causality provides

additional evidence as to whether and in which direction price transmission is occurred between
two series.
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Figure: Time series X Granger-causes time series Y; the patterns in X are approximately repeated in Y
after some time lag (two examples are indicated with arrows). Therefore, past values of X can be used
for the prediction of future values of Y.

A VAR (2) model is applied in order to assess the causality of the price series.

(o) =)+l calBl+ o Gzl +Le] i
The matrix relation can be written in individual form as:

Ve =a+c11Ye1 + CiaXeq + d11Ve—2 + diaXep + €1t (vii)
Xe = b+ €11+ CoaXpoq + do1Ve—z + dooXe_p + gt (viii)
The restrictions imposed to test the causality can be described as:

lags of y do not explain the value of x so, c,; =0and d,; =0

lags of x do not explain the value of y so, ¢;, = 0and d;, =0
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Hence, the null hypothesis for Granger causality test is defined as:
Hy: ¢, = di3 = 0 (x; does not Granger cause y;)
Hy:cy; = dy; = 0 (y, does not Granger cause x;)

2.5 Vector Error Correction Model (VECM)

If series are cointegrated a vector error correction model (VECM) is estimated that can be seen
asa VAR model including a variable representing the deviations from the long-run equilibrium.
VECM model has two distinct characteristics: first, an ECM is dynamic in the sense that it
involves lags of the dependent and explanatory variables; it thus captures the short-run
adjustments from past disequilibrium and contemporaneous changes in the explanatory
variables to equilibrium. Second, the ECM is transparent in displaying the cointegrating
relationship between or among the variables. Equation (ix) shows a VECM for three variables

including a constant, the error correction term, lagged term and random error.

B
b11 b12 b13 APtB_l Ef
APt [Czl lazl ECT + b21 b22 b23 APtC_l + gfc (lX)
APH b3y bsz bzzl[APH gé’H

In equation (ix), PZ, P£ and P} represents time series datasets from three different markets.
This VECM representation is particularly interesting as it allows estimating how the variables
adjust deviations towards the long-run equilibrium. The error correction coefficient (a;) reflects
the speed of adjustment while the coefficients of lagged explanatory variables give an
indication of short-run adjustments. The coefficient of ECT must be negative and significantly
different from zero. The negative ECT implies that if there is a deviation from the existing and
long-run equilibrium, there would be an adjustment back to long-run equilibrium in subsequent
periods.

3. Conclusion

In a developing economy like India, market integration plays an important role concerning the
formulation of proper agricultural marketing policies, determining marketing efficiency,
production decisions of farmers and diversification to high value crops and many more. Here,
the concept of cointegration and related techniques are briefly described. The type of study can
help researchers and practitioners to identify the extent to which prices/information in different
markets move together in their respective field of study.



4. Suggested Readings

Engle, R.F. and Granger, C.W. J. (1987) Cointegration and error correction: Representation,
estimation and testing, Econometrica, 50, 987-1007

Sinha, K, Paul, R.K. and Bhar, L. M. (2016) Price Transmission and Causality in major onion
markets of India. Journal of the Society for Application of Statistics in Agriculture and Allied
Sciences (SASAA), 1(2), 35-40

Paul, R. K. and Sinha, K. (2015) Spatial market integration among major coffee markets in
India, Journal of the Indian Society of Agricultural Statistics, 69 (3), 281-287

Sahu, P.K., Dey, S., Sinha, K. Singh, H. and Narsimaiaha, L. (2019) Cointegration and Price
Discovery Mechanism of Major Spices in India, American Journal of Applied Mathematics
and Statistics, 7(1), 18-24

Training Manual | Twenty-One Days Online Training Program on "Advanced Statistical & Machine Learning Techniques for Data
Analysis Using Open Source Software for Abiotic Stress Management in Agriculture” (16 July- 05 August 2025)
-581-




Long Memory Time-Series Models
Ranjit Kumar Paul

ICAR-Indian Agricultural Statistics Research Institute
Library Avenue, Pusa, New Delhi-110012
Email: ranjitstat@gmail.com

Introduction

Although most economic time series are non-stationary and do require differencing of some
kind it is not necessarily true that taking integer order differences and then using an ARMA
model will be the best remedy. In Box-Jenkins ARIMA methodology, it is assumed that if the
series is non-stationary, the integer order differenced series will be well behaved, as long as
there are no seasonal components. In particular, it is hoped that differenced series will have
rapidly decaying autocorrelations, so that it can be well described by a stationary invertible
ARMA model. There are lot of applications of this model in agriculture (Paul and Das, 2010;
2013; Paul et al., 2013a; 2013b). But, this is not always the case. However, some series
evidently do not possess a further unit root, while they show signs of dependence and possess
long memory. The long memory models provide us with a way to define such a fractional
difference, and would provide a useful alternative to an ARMA model. It will be of interest to
estimate the long memory parameters of autoregressive fractionally integrated moving average
(ARFIMA) model by using wavelet approach.

For modelling the time series in presence of long memory, the autoregressive fractionally
integrated moving-average (ARFIMA) model is used. ARFIMA model searches for a non-
integer parameter, d, to difference the data to capture long memory. Regarding long memory,
the useful entry points to the literature are the surveys by Robinson (1995) and Baillie et al.
(1996), who considered the developments in the econometric modelling of long memory, and
Beran (1994) reviews long-memory modelling in other areas. The existence of non-zero d is
an indication of long memory and its departure from zero measures the strength of long
memory. Long memory is also called fractal structure because of non-integer d. The long
memory study on agricultural futures markets is at the beginning. Helms et al. (1984) analyzed
the short series of one commodity using only the classical R/S techniques. So there is a need
to investigate the long memory behaviour in the agricultural prices

Long Memory Process

Long memory in time-series can be defined as autocorrelation at long lags (Robinson, 1995).

According to Jin and Frechette (2004), memory means that observations are not independent


mailto:ranjitstat@gmail.com

(each observation is affected by the events that preceded it). The autocorrelation function (acf)
of a time-series yt is defined as

pr = cov(yt, ye-1)/var (ye) 1)
for integer lag k. A covariance stationary time-series process is expected to have

autocorrelations such that Ilim prx = 0. Most of the well-known class of stationary and

invertible time-series processes have autocorrelations that decay at exponential rate, so that
pr = |m|¥, where |m|<1 and this property is true, for example, for the well-known stationary
and invertible ARMA(p,q) process. For long memory processes, the autocorrelations decay at
an hyperbolic rate which is consistent with p, ~ Ck?%~1, as k increases without limit, where
C is a constant and d is the long memory parameter.

Testing of Long Memory

Hurst exponent (H), produced by the rescaled range (R/S) analysis is used to test for presence
of long memory in a time-series. Further it was developed and applied to economic price
analysis by Booth et al. (1982) and Helms et al. (1984). For a given time-series, the Hurst
exponent measures the long-term non-periodic dependence, and indicates the average duration
the dependence may last. The R/S analysis first estimates the range R for a given n:

R(n)=max i(Yj Y )-min i(Yj -Y) )

I<j<n j=1 I<j<n j=1

where R(n) is the range of accumulated deviation of Y(t) over the period of n and Y is the
overall mean of the time-series. Let S(n) be the standard deviation of Y: over the period of n.
For a given n, there exists a statistic

Q(n) = R(n)/S(n) @)
Here, n is the time scale to split total observations T into int[T/n] segments where int[.] denotes
the integer part of [.]. There will be int[T/n] estimates of R(n)/S(n) for a given n. The final
R(n)/S(n) is the average of int[T/n]’s R(n)/S(n). As n increases, the following holds:

R(n)/S(n)=an", o isa constant.
or

log(R(n)/ S(n))=log a.+H logn 4)
Thus, H is a parameter that relates mean R/S values for subsamples of equal length of the series

to the number of observations within each equal length subsample. H is always greater than 0.

When 0.5<H<1, the long memory structure exists. If H > 1, the process has infinite variance



and is nonstationary. If 0<H<0.5, anti-persistence structure exists. If H=0.5, the process is
white noise. The relationship between Hurst exponent and long memory parameter is: H=1-d,
ARFIMA Model
Fractional integration is the primary conceptual framework for describing long memory in
financial time-series. Fractional integration is a generalization of integer integration, under
which time-series are usually presumed to be integrated of order zero or one. For example, an
autoregressive moving-average process integrated of order d [denoted by ARFIMA(p, d, q)]
can be represented as

(1= L)L)y = 6(L)u, (5)
where u; is an independently and identically distributed (i.i.d.) random variable with zero mean
and constant variance, L denotes the lag operator; and ¢(L) and 6(L) denote finite
polynomials in the lag operator with roots outside the unit circle. For d = 0, the process is
stationary, and the effect of a shock u(t) on y(t + j) decays geometrically as j increases. For d
=1, the process is said to have a unit root, and the effect of a shock u(t) on y(t + j) persists into
the infinite future. In contrast, fractional integration defines the function (1 - L) for noninteger
values of the fractional differencing parameter d.
For -0.5< d< 0.5 the process y(t) is stationary and invertible. For such processes, the effect of
a shock u(t) on y(t+ j) decays as j increases, but the rate of decay is much slower than for a
process integrated of order zero. More precisely, the acf for zero-integrated processes decays
geometrically, whereas the acf for a fractionally integrated process decays hyperbolically, with
the sign of the autocorrelations being the same as the sign of d. In this sense, fractional
integration captures long memory dynamics more parsimoniously than non-integrated ARMA
processes. In the use of ARFIMA(p,d,q) models, correct specification of p and q is important.
According to Robinson (2003), under-specification of p or g leads to inconsistent estimation
of AR and MA coefficients, but also of long memory parameter d, as does over-specification
of both, due to a loss of identifiability.
Estimation of long memory parameter
For estimating the long memory parameter, GPH estimator proposed by Geweke and Porter-
Hudak (1983) is used in the present investigaton. Robinson (1995), Hurvich et al. (1998) and
Tanaka (1999) have analyzed the GPH estimate in detail. Under the assumption of normality

for y, it has been proved that the estimate is consistent and asymptotically normal.



Illustration (Paul, 2014)

The daily wholesale prices of pigeon pea (Arhar) in two markets namely Amritsar and Bhatinda
and the all India maximum, minimum and modal wholesale prices of pigeon pea for the period
January 1, 2012 to December 31, 2013 are used. The data were collected from the website of
Ministry of Consumer’s Affairs, Government of India. The data for the period January 1, 2012
to October 31, 2013 have been used for model building and the remaining data have been used
for model validation purpose. The time series plots of the prices are exhibited in Figure 1. A
perusal of the plots indicates that the datasets are stationary. In order to test for stationarity,
Augmented Dickey-Fuller unit root test (Said and Dickey, 1984) and Philips-Perron unit root
test (Philips and Perron, 1988) are conducted, and the results of the tests are given in Table 1.
A perusal of Table 1 indicates that all the series are stationary. If there is an apparent trend in

the dataset, then stationarity test with trend is used otherwise stationarity test with single mean

is applied.
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Fig. 1: Time series plot of wholesale prices of Pigeon Pea in different markets

Structure of Autocorrelations

For a linear time series model, typically an autoregressive integrated moving average
(ARIMA(p,d,q)) process, the patterns of autocorrelations and partial autocorrelations could
indicate the plausible structure of the model. At the same time, this kind of information is also
important for modelling nonlinear dynamics. The long lasting autocorrelations of the data
suggest that the processes are nonlinear with time-varying variances. The basic property of a
long memory process is that the dependence between the two distant observations is still
visible. For the series of daily wholesale price, autocorrelations were estimated up to 100 lags,
i.e., j=1,...,100. The autocorrelation functions of these series are plotted in figure 2. A perusal
of figure 2 indicates that, these do not decay exponentially over time span, rather, there is
hyperbolic decay of the autocorrelations functions towards zero and they show no clear
periodic patterns. There is no evidence that the magnitude of autocorrelations become small as

the time lag, j, becomes larger. No seasonal and other periodic cycles were observed.
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Fig. 2: Correlogram of time series data of wholesale prices of Pigeon Pea in different
markets

Testing Stationarity

ADF Test

The ADF test tests the null hypothesis that a time series vyt is 1(1) against the alternative that it
is 1(0), assuming that the dynamics in the data have an ARMA structure. The ADF test is based
on estimating the test regression



, p
Ay; =B'Dy +my .y + _Zl\lfjAYt—j T &
j=

where Dt is a vector of deterministic terms (constant, trend etc.). The p lagged difference terms,

Ay;_j, are used to approximate the ARMA structure of the errors, and the value of p is set so
that the error ¢, is serially uncorrelated. The error term is also assumed to be homoskedastic.

Under the null hypothesis, Ay, is I(0) which implies that = = 0. The ADF t-statistic is then the

usual t-statistic for testing = = 0. The ADF test is applied in the present data sets and the results
are reported in table 1.
Phillips-Perron Unit Root Tests
The Phillips-Perron (PP) unit root tests differ from the ADF tests mainly in how they deal with
serial correlation and heteroscedasticity in the errors. In particular, where the ADF tests use a
parametric autoregression to approximate the ARMA structure of the errors in the test
regression, the PP tests ignore any serial correlation in the test regression. The test regression
for the PP tests is

Ay, =P’ Dy + 1y, +Uy
where u, is I(0) and may be heteroskedastic. The PP tests correct for any serial correlation and

heteroscedasticity in the errors ut of the test regression by directly modifying the test statistics.
Under the null hypothesis that © = 0, the PP statistics have the same asymptotic distributions
as the ADF t-statistic. The advantage of the PP tests over the ADF tests is that the PP tests are

robust to general forms of heteroscedasticity in the error term u,. Another advantage is that the
user does not have to specify a lag length for the test regression. The PP test is also applied in

the present data sets and the results are reported in table 1.
Table 1: Stationarity testing

ADF Test Statistic PP Test Statistic
Market Single| With SFi)r.lﬁgltt)a aki/'\llli% Single | With SiPngr;(Ijsabl\lll\}i}f[h
Mean | Trend Mean | Trend Mean | Trend Mean | Trend
Amritsar 5.46 | 7.08 |0.0238|0.0283| -3.29 | -3.76 | 0.0165 | 0.0199
Bhatinda 6.85 | 9.43 |0.0010/0.0010| -3.70 | -4.27 | 0.0047 | 0.0039
Maximum | 13.11 | 42.71 | <.000|<.000| -5.12 | -9.23 | <.0001 |<.0001
All India 1 1

Minimum | 832 | 11.55 |0.0402/0.0010] -3.53 | -4.81 | 0.0195 | 0.0006
Modal 15.43 | 27.00 | <.000 | <.000| -5.55 | -7.35 | <.0001 |<.0001
1 1




The most common method for estimating the fractional integration parameter d is the ARFIMA
time series method (Robinson, 2003). We estimate different ARFIMA specifications, as
described previously. Based on the smallest AIC value, the best ARFIMA model was selected.
Estimate of the parameters along with t-statistics for the selected ARFIMA models are provided
in Table 2. These estimates indicate evidence of long memory in five price series with 0 < d <
0.5. Positive values of the fractional differencing parameter indicate a short of long-memory
known as persistence. Persistence is characterised by positive autocorrelations, and exhibit low
variance at low frequencies. Note that, when d parameter is positive and significant, then the
series may have infinite conditional variance.

The results show that significant d parameter ranges from 0.052 to 0.489 (All India Maximum
Price has the highest long memory parameter). Hence, empirical evidence shows that the lag

length increases the autocorrelations decay hyperbolically to zero.

Table 2: Parameter estimates of ARFIMA Model

Market Parameters Estimate Probability
Amritsar d 0.077 0.001
AR1 0.915 < 0.001
d 0.052 0.040
. AR1 1.6154 < 0.001
Bhatinda AR2 20.623 <0.001
MA1 0.821 < 0.001
Maximum d 0.489 < 0.001
Price AR1 -0.223 < 0.001
AR2 -0.128 0.0168
d 0.093 < 0.001
Minimum AR1 1.1467 < 0.001
Price AR2 -0.149 < 0.001
MA1 0.784 < 0.001
d 0.477 < 0.001
'\Sﬁi‘i‘é" AR1 -0.157 0.008
AR2 0.183 < 0.001

Validation

One-step ahead forecasts of wholesale price along with their corresponding standard
errors using naive approach for the period November 01, 2013 to December 31, 2013 (total 40

data points excluding market holidays) in respect of above fitted model are computed. The



attractive feature for fitted ARFIMA model is that all the observed values lie within one

standard error of forecasts.

For measuring the accuracy in fitted time series model, Relative mean square prediction
error (RMSPE), Mean absolute prediction error (MAPE) and Relative mean absolute prediction
error (RMAPE) are computed by using the formulae given below and are reported in Table 3.

MAPE = 1/403 |y, — Y.
i=1
40
RMSPE =1/403: (Yo, = St/ Yot}

40
RMAPE = 1/403 {Vy,; — Ju.i|/ Yiui }x200
i=1

Table : Validation of Models

Market MAPE | RMSPE | RMAPE (%)
Amritsar 195.964 | 204.773 3.5
Bhatinda 323.303 | 333.535 4.8
Max Price | 352.963 | 366.503 4.7
Min Price 168.629 | 194.520 3.3
Modal Price | 173.679 | 177.470 3.1

A perusal of above table indicates that in all the price series data, RMAPE is less than 5%
indicating the accuracy of the models.

R code for application of ARFIMA model
library(forecast)

library(tseries)
data<-read.delim("clipboard™)

#H#H# ARFIMA model

ts<-as.ts(data[,2]) #convert to time series
acf(ts) # ACF plot

pacf(ts) # PACF plot

adf_test<-adf.test(ts) # stationary plot
train<-ts[c(1:(length(ts)*0.9))] #train data

test<-ts[-c(1:(length(ts)*0.9))] #test data



model<-arfima(ts, drange=c(0, 0.5), estim=c("mle","Is")) #model
Forecast<-forecast(model, h=length(test)) # future forecast
accuracy(Forecast, x=test) ## accuarcy measure

plot(Forecast) ##plot
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Introduction
Autoregressive integrated moving average (ARIMA) methodology (Box et al., 2007), which

is a parametric approach, has virtually dominated analysis of time-series data during last
several decades. Here role of various explanatory variables enter into the model “implicitly”
through response variable observations at past epochs. However, quite often it is not possible
to postulate appropriate parametric form for the underlying phenomenon and, in such cases;
“Nonparametric” approach is called for. Accordingly, in recent years, an extremely powerful
methodology of “Wavelet analysis” is rapidly emerging (Vidakovic, 1999; Percival and
Walden, 2000). Although, a number of research papers have been published dealing with
various theoretical aspects of wavelets, their application to data is still a difficult task.

Wavelet analysis can be studied in two ways: one is in “time domain” another is in
“frequency domain”. In respect of the former, Sunilkumar and Prajneshu (2004) applied
wavelet thresholding approach for modelling and forecasting of monthly meteorological
subdivisions rainfall in Eastern U. P., India. For the latter approach, Almasri et al. (2008) have
recently proposed a test statistic by using wavelet decompositions to test the significance of
trend in a time-series data. The most difficult problem of testing for linear trend is the presence
of dependence among the residuals because of which, tests for trend based on the classical
ordinary least squares (OLS) regression are inappropriate. In many situations, the error
autocovariance function exhibits a slow decay reflecting the possible presence of long memory
process. The wavelet analysis, however, has been extensively used for such purposes, since it
suitably matches the structure of these processes. The autocovariance function of the wavelet
transformed series exhibits different behaviour, in the sense that autocovariance functions of
the transformed series decay hyperbolically fast at a rate much faster than the original process.
In general, the series that are correlated in the time domain become almost uncorrelated in the
wavelet domain.

Agricultural performance of a country, generally, depends to a large extent on the

guantum and distribution of rainfall. So, its accurate modelling is vital in planning and policy
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making. Accordingly, several attempts have been made in the past to develop models for
describing rainfall. In Indian context, Rajeevan et al. (2004) have provided an excellent review
of multiple and power regression models employed since 1988 along with various
modifications made in these models from time to time, particularly in the identification of
relevant explanatory variables. Many applications of wavelet based models can be found in the
literature e.g. Anjoy and Paul (2017); Anjoy et al. (2017); Paul et al. (2013); Paul (2015); Paul
and Birthal (2015); Sarkar et al. (2019); Paul et al. (2020); Paul et al. (2021); Singla et al.
(2021); Paul and Garai (2021); Paul and Mitra (2021); Paul and Garai (2022); Paul et al. (2022).
The purpose of this lecture is to discuss and apply wavelet methodology in frequency domain
for estimation and testing of significance of trend in India’s monsoon rainfall data during the
period 1979 to 2006.

Basics of Wavelets

The term wavelet is used to refer to a set of basic functions with a very special structure which
is the key to the main fundamental properties of wavelets and their usefulness in statistics.
Wavelets are fundamental building block functions, analogous to the trigonometric sine and
cosine functions. As with a sine or cosine wave, a wavelet function oscillates about zero. This
oscillating property makes the function a wave. However, the oscillations for a wavelet damp

down to zero, hence the name wavelet. If y(.) be a real valued function defined over the real
axis (— 0, oo) and satisfying two basic properties:

(i) The integral of y(.) is zero:
Tz//(u) du=0

(ii) The square of y(.) integrates to unity:
Tz//z (uWdu=1

Then the function /(.) is called a wave.

Discrete Fourier transform

Transformation of a function to its wavelet components has much in common with
transforming a function to its Fourier components. An introduction to wavelets begins with a

discussion of the usual Fourier transformation. The French mathematician Jean-Baptiste



Fourier discovered that any class of square-integrable functions, defined on the interval [-=,
n], can be decomposed into component functions constructed by standard trigonometric

functions. A function f belongs to the square-integrable space L?[a, b] if
b
I f2(x)dx < o
a

Fourier’s results states that any function f € L?[-x, n] can be expressed as an infinite

sum of dilated cosine and sine functions given by

1 = . .
f)=>a +> (a, cos(jx) +b, sin( jx)) (1)
j=1
where
a; =%J'_: f (x)cos jx.dx j=0,1,2,...
o~ 11 ¢ sin ixd _
i _;j_” (x)sin jx.dx j=12,...

The series expansion is regarded as a transform, taking a function f into a set of
coefficients a; and b;. The Fourier series expansion is extremely useful in that any L2 function
can be written in terms of very simple building block functions: sines and cosines, because the
set of functions {sin(j.), cos(j.), j=1,2,...}, together with the constant function, form a basis for
the function space L?[-r, t] which is orthonormal. A sequence of functions {fj} are orthonormal

if the fj’s are pairwise orthogonal and if || fj || =1, for all j.

Wavelet analysis versus Fourier analysis

There is an obvious analogy between wavelet analysis and Fourier analysis in the sense that
both the techniques aim to represent a function as a linear superposition of basis functions. In
the case of wavelet analysis, the basis functions are the wavelets {jx} whereas in Fourier
analysis they are the exponentials, {e"*=coswx-+isinwx}. The most obvious difference is that
the wavelet basis are indexed by two parameters (j and k) and have an infinite set of possible
basis functions whereas Fourier basis functions are indexed by the single parameter w and have
only asingle set of basis functions. Comparing Fourier and wavelet analyses, the essential point
is that the sines and cosines of the standard Fourier analysis have specificity only in frequency,
whereas the special structure of a wavelet basis provides specificity in location (via translation)

and also specificity in ‘frequency’ (via dilation).



This means that wavelet analysis provides information not only on what frequency
components are present but also when or where they are occurring. Another notable feature is
that the wavelet transforms of a function are localized, i.e, are time varying and depend only
on the properties of the function in the neighborhood of each time point. This implies that if
the function has singularities (such as discontinuities or ‘spikes’), these will affect only the
wavelet transform near the singularities. By contrast the Fourier transforms depends on the
global properties of the function and any singularity in the function will affect all such
transforms. Hence wavelets have significant advantages over basic Fourier analysis when the
function under study function has singularities.

Time domain versus Frequency domain

The most common representation of signals and waveforms is in the time domain. However,
most signal analysis techniques work only in the frequency domain. The concept of the
frequency domain representation of a signal is quite difficult. The frequency domain is

simply another way of representing a signal. For example, consider a simple sinusoid.

Amplitude
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The time - amplitude axes on which the sinusoid is shown define the time plane. If an extra

axis is added to represent frequency, then the sinusoid would be as illustrated below.
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The frequency - amplitude axes define the frequency plane in a manner similar to the
way the time plane is defined by the time - amplitude axes. This frequency plane is what is
represented when the spectrum of a signal is shown. The frequency plane is orthogonal to the
time plane, and intersects with it on a line which is the amplitude axis.

Note that the time signal can be considered to be the projection of the sinusoid onto the
time plane (time - amplitude axes). The actual sinusoid can be considered to be as existing
some distance along the frequency axis away from the time plane. This distance along the
frequency axis is the frequency of the sinusoid, equal to the inverse of the period of the
sinusoid. The waveform also has a projection onto the frequency plane. These two projections
mean that the sinusoid appears as a sinusoid in the time plane (time - amplitude axes), and as
a line in the frequency plane (frequency - amplitude axes) going up from the frequency of the
sinusoid to a height equal to the amplitude of the sinusoid.

Discrete Wavelet Transform (DWT)

There are two main waves of wavelets. The first wave resulted what is known as the continuous
wavelet transform (CWT), which is designed to work with time-series defined over the entire
real axis; the second is the discrete wavelet transform (DWT) which deals with series defined
essentially over a range of integers. DWT of a time-series observation is used to capture high
and low frequency components. This, in turn, would enable modelling of time-series data
through computation of inverse DWT.

The basic reason why the DWT is such an effective analysis tools are the following:

Q) The DWT re expresses a time-series in terms of coefficients that are associated
with a particular time and a particular dyadic scale 2I. These coefficients are
fully equivalent to the original series in that we can perfectly reconstruct a time-
series from its DWT coefficients.

(i)  The DWT allows us to partition the energy in a time-series into pieces that are
associated with different scales and times. Energy decomposition is very close
to the statistical technique known as the analysis of variance (ANOVA).

(ili)  The DWT effectively decorrelates a wide variety of time-series that occurs quite
commonly in the physical applications. This property is the key to the use of
DWT in the statistical methodology.

(iv)  The DWT can be computed using an algorithm that is faster than the celebrated

fast Fourier transform algorithm.



Computation of DWT is carried out by “Pyramid algorithm” discussed below:

The first stage for computing the DWT simply consists of transforming the time-series X
of length N = 27 into the N/2 first level wavelet coefficients W1 and the N/2 first level scaling
coefficients V1. Precisely, to obtain unit scale wavelet coefficients, time-series

{ X,:t=0,..,N =1} is circularly filtered with filter h;, | = 1, 2, ..., L-1, where L is the width

of the filter and must be an even integer. For h; to have width L, it must satisfy the conditions:
ho# 0 and hi-1 # 0. Now define hy=0 for | <0 and | > L so that h; is actually an infinite sequence

wit at most L nonzero values. A wavelet filter must satisfy the following three basic properties:

L-1 -1

L-1 0
Zh| =0, > h’ =1 and Zhlhl+2nzzhlhl+2n:0!
1=0 I=

1=0 |

-

Il
o

—00

for all nonzero integers n. Compute
- L-1
2" Wy =D 0 X (ymoan + £ = 0,1,...,N-1. (2)
1=0
Now define N/2 wavelet transforms for unit scale corresponding to ¢=0,...,N/2-1 as
ey N
Wl,t =2 Wl,2t+1 = Z hl X(2t+l—|)modN ' 3)
1=0

This procedure is called “Downsampling” procedure. To obtain first stage scaling
coefficients, define scaling filter g, =(-1)"h_,,.

Then the first level scaling coefficients are
UnT N

Vl,t =2 V1,2t+1 = Z g, X(2t+1—l)m0dN (4)
1=0

The second stage of Pyramid algorithm consists of treating {V,, } in the same way as { X, }
was treated in the first stage. Then we circularly filter {V,, } separately with {h, } and {g, }

and subsample to produce two new series, namely

L-1

Wz,t = Zvl,(2t+l—l)modN/2 )
1=0
L1

Vo = Zvl,(2t+l—l)modN/2 , 1=0,1,....N/4-1. (6)
1=0

Above procedure is repeated J times to obtain 22 DWT’s. There are J-2 subsequent

stages to the Pyramid algorithm. For j = 3,..., J, the j™ stage transforms Vj.1 of length N/2J!



into Wj and V;j each of length N/2J. At the j" stage, the elements of Vj.; are filtered separately
with wavelet filter {h, }, and scaling filter { g, }. The filter outputs are subsampled to form
respectively Wj and V;. The elements of V;j are called the scaling coefficients for level j, while
those of W contain the desired wavelet coefficients for level j. At the end of J™ stage, the DWT
coefficient W is formed by concatenating the J + 1 vectors.

Let P be an N x N real valued matrix defining the DWT and satisfying the
orthonormality property P°P = Iy, where Iy is the Nx N identity matrix. Then the DWT (W) of
the time-series vector X may be computed by W = P X. Now the elements of the vector W are
decomposed into J+1 subvectors. The first J subvectors contains all of the DWT coefficients

for scale 7. Then W can be written as

W =W, W, ...W, V! ]

Multiresolution Analysis (MRA)

Consider the wavelet synthesis of X

J
X=P'W=>P'W,+Q}V,, ©)
j=1
where Pj and Q; matrices are defined by partitioning the rows of P commensurate with the

partitioning of W into W1, ..., Wy and V. Thus the N/2xN matrix P1 is formed from the n
= 0 up to n = N/2-1 rows pf P; the N/4xN matrix P, is formed from the n = N/2 upton =
3N/4-1 rows; and so forth, until we come to the 1xN matrices P; and Qy, which are the last

two rows of P.
Thus

P=[PP,..P,Q,]

Now define Dj= P Wj for j=1,..., J, which is an N dimensional column vector whose

elements are associated with changes in X at scale z;; i.e., Wj = P;X represents the portion of
the analysis W = PX attributable to scale z;, while P'j Wj is the portion of the synthesis X =

P"W attributable to scale ;. Let S; = Q 3V, which has all its elements equal to the sample

mean X . Then it can be seen that

x:iDjJrsJ, (8)

=L



which defines a multiresolution analysis (MRA) of X; i.e., the time-series X is expressed as the
sum of a constant vector Sy and J other vectors Dj, j = 1,..., J each of which contains a time-

series related to variations in X at a certain scale. Dj is called the j™ level wavelet detail.

Estimation of Trend by Wavelets

Sometimes it is important to decompose a time-series into different components of variations
like, low frequencies (trend), and high-frequency (noise) components. And the multiresolution
analysis is used for decomposing and describing the low frequencies and high-frequency
components in the data in a scale by scale basis. Consider the following model for a time-series
data {X: }:

Xe=u+Te+2Z, t=0,...,N—1, (9)

where 4 is a constant term, Tt is an unknown deterministic polynomial trend function of order

r, Zt is a residual term which is a long-memory process defined by (1-B)’Z = ¢,, where, &
is the long memory parameter, { ¢, } is a Gaussian white noise process with mean zero and o

> 0. Here, B, is the back shift operator such that BZ; = Zt...

Now, since W =[W, W;...W; V] , the vector W can be written as sum of two

vectors: W = Ww + Ws, where W is an N x 1 vector containing the wavelet coefficients and
zeros at all other locations, and Ws is an N x 1 vector containing the scaling coefficients and

zeros at all other locations. Since X = P"W, therefore,
X=PW=P Ws+P Wy =T+7Z, (10)

where T is an estimator of the polynomial trend T at level J , while Z is the estimate of
residual Z. The issue of choosing the level of the estimate depends on the goal of application.
J should be chosen small for detecting the local trends and cycles. In other applications, J is set
to be large, if the aim is to detect the global trend.

The orthonormality of the matrix P implies that the DWT is an energy preserving

transform so that
N
=Wl =2 (11)

Given the structure of the wavelet coefficients, the energy in X is decomposed, on a scale by

scale basis, via



X =l ZHW [ +vs (12)

so that W, Hz represents the contribution to the energy of {Xi} due to changes at scale ;.

whereas |V, |’ represents the contribution due to variations at scale 7, . So the estimated

variance of the time-series in terms of wavelet and scaling coefficients can be expressed as:

2

1Y 1 1 1 _
7% N X = X) ==X =TS [+ TV - X°
=30 ()62 (13)

I
LN

]

where V5 (z;) is the estimated variance of the wavelet coefficients at scale z; , and &5 is the

estimated variance of the trend.

For testing the null hypothesis HO: Trend = 0, Almasri et al. (2008) proposed a test
statistic that can discriminate between this null hypothesis and the alternative hypothesis H1:
Trend # 0 is defined as follows:

G=F—""— (14)
ARG
j=1
The test statistics (N - N/2%)/(N/2” - 1)G will follow an F distributed with (N/2” - 1) and
(N - N/2° ) degrees of freedom shown (under the normality assumption of the scaling
coefficients). The distribution of the test statistic is unknown, however, in situations when the
errors are not normally distributed and when they exhibit some form of dependency. It is,
therefore, important to generate empirical critical values in such situations in order to
investigate the properties of the test statistic. This is done by means of simulation experiments.
The wavelet estimate has the advantage over the Fourier transform in terms of the
localization in time and frequency, which means that the detail of the estimate is seen to vary
with t. This property provides additional information of variability on different scales (different
J) in the case when there is a long memory process, because such processes appear to be local
trends and cycles, which are, however, disappear after some time.
An important issue is how to choose the wavelet filter. A central factor to use a
particular wavelet is to match the characteristics of the series analyzed. The Haar wavelet,

which is a piecewise constant function, preserves the discontinuities, and therefore it is most



suitable to identify a structural break in the data. By contrast, other wavelets with L > 2 are
smoother and tend to blur the discontinuities. In general, the wavelets with a wider support (L
is big) are smoother but spatially less localized, while the wavelets with a narrow support (L is
small) are more spatially localized but less smooth.
Basis Functions
Every two dimensional vector (X,y) is a combination of the vectors (1,0) and (0,1). These two
vectors are said to be the basis vectors for (x,y) because multiplying x by (1,0) yields the vector
(x,0) and multiplying y by (0,1) yields the vector (0, y). The sum of these two will yield (x,y).
Extending this theory to functions, the sines and cosines are the basis functions of the Fourier
transform. Orthogonality requirement for sines and cosines chosen can be set by choosing
appropriate combination of sine and cosine function terms whose inner product add up to zero.
The particular sets of functions that are orthogonal and that construct f(x) are the orthogonal
basis functions for the problem (Vidakovic, 1999).

A variety of different wavelet families now exist which enable orthonormal wavelet
bases to be generated for a wide class of function spaces. Two wavelet bases viz, Haar and
Daubechies systems are discussed here.

The Haar System
The simplest wavelet basis for L2(R) is the Haar basis. The Haar function is a bonafide wavelet,

though not used much in practice, uses a mother wavelet given by

1, 0<x<%%,
y(x)= -1, Y<x<l,
0, otherwise
The Haar wavelet is piecewise constant over intervals of length one-half and can be expressed

by a picture as follows (Fig.1).



T T T T T T
0.0 0.2 0.4 0.6 0.8 1.0

“haar' mother, psi(0,0)

Fig. 1. The Haar function

Haar wavelets possess the property of compact support, which means that it will vanish
outside of a finite interval. But if instead of a general function in L2(R), one wants to analyze a
function with much less or more regularity, then the expansion given by the Haar system is
inappropriate may be due to bad decay of coefficients at infinity. Again the Haar wavelets are
not continuously differentiable. Due to these drawbacks, Haar wavelets are less useful in data
analysis. Replacing the scaling function in the Haar system by a more regular function produces
a system with a much better behavior with respect to smooth functions. Daubechies (1992)

proposed such a family of smooth wavelet basis.

Daubechies Wavelet Bases

By imposing an appealing set of regularity conditions, Daubechies (1992) came up with a
useful class of wavelet filters, all of which yield a DWT in accordance with the notion of
differences of adjacent averages. The definition for this class of filters can be expressed in
terms of the squared gain function for the associated Daubechies scaling filters gi, 1 =0, ..., L-
1:

L/2
G°(f)=2cos"( (““*')sm (z 1),

|:O
where L is a positive even integer.
Using the relationship H®(f)=GP(f +1/2), the corresponding Daubechies wavelet filters

have squared gain functions satisfying



L/2-1
HO(f)=2sin"(z £) > (4" )cos? (x f)
1=0
H®(.) can be considered as the squared gain function of the equivalent filter for a filter

cascade.

Apart from the above, there are other families of smooth wavelet bases that provide
compactly supported orthonormal wavelets and are continuously differentiable, like those
proposed by Stromberg, Meyer and Battle (Ogden, 1997).

An lllustration (Ghosh et al (2010), and Paul et al (2011))

For estimation of trend by wavelet methodology, the Indian monsoon rainfall during the years
1879 to 2006 is considered. The monsoon rainfall is calculated as the sum of daily rainfalls
from 1% June to 31 September of a year. The data set is obtained from the website

(www.tropmet.res.in) of the Indian Institute of Tropical Meteorology, Pune, India. The rainfall

data depicts a cyclical variation with possibly a declining trend. The trend in the monsoon
rainfall has been estimated through ARIMA methodology as well as by using wavelets
approach. Different wavelets have been used for analyzing the rainfall data in a scale by scale

basis to reveal the localized nature of the data set.

Modelling of rainfall data in the framework of autoregressive process
Assuming presence of deterministic linear trend in the rainfall series, following model is fitted:
Y=p+ot+e,t=1,2, .., T (18)
where &, ’s are uncorrelated with zero mean and constant variance o . Let
& =Y, — -5t
The fitted trend equation is obtained as:
Yy=863.718 — 0.234 t
(14.226) (0.191)

where the values within brackets () denote corresponding standard errors of estimates. The

trend is not significant at 5% level of significance. The graph of trend is displayed in Fig. 3.


http://www.tropmet.res.in/
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Fig. 3. Trend in Indian monsoon rainfall data

Trend analysis through wavelet approach

The discrete wavelet transforms and the multiresolution analysis is done on the basis of “Haar”
wavelet, and Daubechies 4 (D4) wavelet. The DWT coefficients are shown in Figure 5 and
Figure 6. The wavelet coefficients are related to differences (of various order) of (weighted)
average values of portions of X; concentrated in time. Wavelet coefficients are plotted as bars,
up or down. The sizes of the bars are relative to magnitudes of coefficients. The number of
wavelet coefficients at the lowest resolution level (level = 1) is exactly half the number of
original data points and the number of coefficients decreases by half at each level (Nason and
Sachs, 1999).

The coefficients at the top (below) are ‘“high-frequency” (“low frequency”)
information. The wavelet coefficients do not remain constant over time and reflects the changes
of the data at various time-epochs. The locations of abrupt jumps can be spotted by looking for
vertical (between levels) clustering of relatively large coefficients. From the wavelet
coefficients plotted above, the original function can be reconstructed by using Inverse discrete
wavelet transform (IDWT). The above mentioned pattern can also be verified from the

multiresolution analysis (MRA) of the time-series exhibited in Figs. 7 and 8.
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Fig. 5. DWT by D4 wavelet at level 6
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The estimate of trend of the rainfall data computed by Haar and D4 wavelets for the levels
6 are given below (Figure 9-10). As the level increases the declining global trend present in the

data set is depicted clearly.
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Fig. 10. Estimate of trend by Daubechies (D4) wavelet at level 6

The discrete wavelet transform (DWT) and multiresolution analysis (MRA) of India’s
monsoon rainfall time-series data reveal differential behaviours at different time epochs at
different scales. Two wavelets namely; Daubechies (D4) and Haar wavelets are used for
estimation of trend in the rainfall data. It is found that the monsoon rainfall in India is showing
a declining trend over the years, which can have very serious repercussions from “Global
Warming” point of view. This important feature, however, could not be captured by ARIMA
methodology.

Recently, the algorithm of wavelet based models including stochastic models and machine
learning techniques have been proposed and relevant R packages have been developed for the
ease of application in real data. Few of the R packages are:

https://CRAN.R-project.org/package=WaveL etL ongMemory

https://CRAN.R-project.org/package=WaveletArima
https://CRAN.R-project.org/package=WaveletANN
https://CRAN.R-project.org/package=WaveletGARCH
https://CRAN.R-project.org/package=WaveletSVR
https://CRAN.R-project.org/package=WaveletRF

R code for application of ARIMA model
library(WaveletArima)
train<-ts[c(1:(length(ts)*0.9))] #train data
test<-ts[-c(1:(length(ts)*0.9))] #test data

###Wavelet ARIMA


https://cran.r-project.org/package=WaveLetLongMemory
https://cran.r-project.org/package=WaveletArima
https://cran.r-project.org/package=WaveletANN
https://cran.r-project.org/package=WaveletGARCH
https://cran.r-project.org/package=WaveletSVR
https://cran.r-project.org/package=WaveletRF

WaveletARIMA<-WaveletFittingarma(ts=train, filter
='la8',Waveletlevels=floor(log(length(train))),
MaxARParam=5,MaxMAParam=5,NForecast=length(test))

Fitted<-WaveletARIMAS$FinalPrediction
Forecast<-WaveletARIMAS$Finalforecast

# Accuracy
MAPE _train<-MLmetrics::MAPE(Fitted, train)
MAPE _test<-MLmetrics::MAPE(Forecast, test)

RMSE _train<-MLmetrics::RMSE(Fitted, train)
RMSE _test<-MLmetrics::RMSE(Forecast, test)

### Wavelet ANN

library(WaveletANN)

WaveletANN<-

WaveletFittingann(ts=train,Waveletlevels=floor(log(length(train))),Filter="d4',
nonseaslag=5,hidden=3,NForecast=length(test))

Fitted<-WaveletANNS$FinalPrediction
Forecast<-WaveletANNS$Finalforecast

# Accuracy

MAPE _train<-MLmetrics::MAPE(Fitted[-c(1:5)], train[-c(1:5)])
MAPE _test<-MLmetrics::MAPE(Forecast, test)

RMSE_train<-MLmetrics::RMSE(Fitted[-c(1:5)], train[-c(1:5)])
RMSE _test<-MLmetrics::RMSE(Forecast, test)
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Artificial Intelligence (Al) is the field of science that creates machines or devices that can
mimic intelligent behaviors of human being. The term Al is frequently applied to the project of
developing systems endowed with the intellectual processes characteristic of humans, such as the
ability to reason, discover meaning, generalize, or learn from past experience. On the other hand,
machine learning is a type of Artificial Intelligence that provides computers with the ability to learn
without being explicitly programmed. More formally, Machine learning (ML) is defined as a field
of the computer sciences that gives computers the ability to learn without being explicitly
programmed (Samuel, 1959). Arthur Samuel (1959) was a computer pioneer who wrote first self-
learning program, which played checkers-learned from “experience”. Machine learning (ML) is a
subset of artificial intelligence (Al) that uses statistical methods to enable machines to improve with
experience. This involves combining programming with probability and statistics. Machine
learning is broadly classified into categories such as classification and regression. In classification,
inputs are divided into two or more classes. Pattern recognition and data mining are integral parts
of machine learning techniques. The regression aspect of ML is used to map data to a real-valued

prediction variable. Time series modeling falls into the category of ML regression problems.

The MuCulloch and Pitts Model was proposed by Warren MuCulloch (neuroscientist) and Walter
Pitts (logician) known as linear threshold gate, the MuCulloch and Pitts Model is called as first

formal model of machine learning techniques (McCulloch and Pitts, 1943).

Inputs  Weights
Wi

Threshold T

It is divided into 2 parts. The first part, g takes an input performs an aggregation and based on the
aggregated value the second part, f makes a decision.



Suppose that If someone wants to predict their own decision, whether to watch a random cricket
match on TV or NOT. The inputs are all Boolean i.e., {0,1} and my output variable is also Boolean

{0: Will watch it, 1: Won’t watch it}, the following possibilities are prevailed,

So, the inputs could be;

X_1could beis IPLOn (I like IPL more)

X_2 could be is It a Practice Match (I care less about Practice Match)

x_3 could be is MI Playing (I am a big fan of Ml and soon.) ............... and so on...

g(x) is just doing a sum of the inputs — a simple aggregation. And theta here is called threshold
parameter, for example, if | always watch the game when the sum turns out to be 2 or more, the

theta is 2 here. This is called Threshold logic.

g(x1,x2,x3, .......xn) = g(x) = N, xi

y=f(g)=1 if g)=0 =0 if g(x)<0

Frank Rosenblatt (1958) introduced a network composed of the units that were enhanced version
of McCulloch-Pitts Threshold Logic Unit (TLU) model by adding an extra input that represents

bias and termed it as perceptron model.

n
sum = ZXi Wi +b
i=1
After, McCulloch-Pitts Threshold Logic Unit (TLU) model the neural network concepts become

researchable
issue and evolved as most promising and robust Al/ML techniques utilized in almost all areas.

On the other hand, the time series refers to an important statistical technique for studying the trends
and characteristics of collecting data points indexed in chronological order. An ordered sequence of
values of a variable at equally spaced time intervals are called as time series (TS) and analysis of
such data are termed as time series analysis (TSA). The main aim of time series modeling is to
carefully collect and rigorously study the past observations of a time series to develop an appropriate
model which describes the inherent structure of the series.

This model is then used to generate future values for the series, i.e., to make forecasts. Time series

forecasting can thus be described as the act of predicting the future by understanding the past. Due



to its indispensable importance in numerous practical fields such as business, economics, finance,

science, and engineering, time series forecasting has garnered significant attention.

An important property of time series data is that successive observations are dependent. Over the years,
researchers have made considerable efforts to develop efficient forecasting models to improve prediction
accuracy. The accuracy of these models depends on the number of observations used in time series analysis.
It is generally believed that at least 50 observations are necessary to perform TSA, as stated by Box and
Jenkins, pioneers in time series modeling. One of the most important and widely used classical time series
models is the Autoregressive Integrated Moving Average (ARIMA) model. The popularity of the ARIMA
model is due to its linear statistical properties and the well-known Box-Jenkins methodology (Box and
Jenkins, 1970) for model building. A comprehensive account of exponential smoothing methods is provided
by Makridakis et al. (1998). A practical aspect of ARIMA modeling, along with several case studies,
can be found in Pankratz (1983). A reference book on ARIMA and related topics is rigorously
explained in Box et al. (1994) Autoregressive Integrated Moving Average (ARIMA) model.

One of the most important and widely used classical time series model is the Autoregressive
Integrated Moving Average (ARIMA) model. The popularity of the ARIMA model is due to its linear
statistical properties as well as the popular Box-Jenkins methodology (Box and Jenkins 1970) for
model building procedure. Often most of the time series are non-stationary in nature, to obtain the
stationary time series, we need to introduce the differencing term d. to make the non-stationary series
to stationary series we add the differencing term then the general form of ARMA model becomes
ARIMA and are represented as ARIMA (p,d,q). The process Ytis said to follow integrated ARMA
model if AY, = (1 — B)%¢,. The ARIMA model is expressed as follows;

®(B)(1 - B)Y, = 6(B), )

Where, ,~WN (0,02) and WN is the white noise. The Box-Jenkins ARIMA model building

consists of three steps viz., identification, estimation and diagnostic checking.
Artificial Neural Network (ANN) for Time series

The ANN for time series analysis is termed as Time Delay Neural Network (TDNN). The time series
phenomenon can be mathematically modelled using neural network with implicit functional
representation of time, where as in static neural network like multilayer perceptron is presented with
dynamic properties (Haykin, 1999). One simple way of building artificial neural network for time
series is through the use of time delay also called as time lags. These time lags can be considered in
the input layer of the ANN. The Time Delay Neural Network (TDNN) is the class of such



architecture. Following is the general expression for the final output Yt of a multi-layer feed forward

time delay neural network.

Yi = ap + Z?:l aj g(ﬁoj + Z?:l ﬁijyt—p) + & (2)

where, a;(j = 0,1,2,...,q) and B;;(i = 0,1,2, ...,p, j = 0,1,2,..., q) are the model parameters, also
called as the connection weights, p is the number of input nodes,q is the number of hidden nodes and
g is the activation function. The architecture of neural network is represented in figure 1.
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Figurel: Artificial Neural Network Structure

Support Vector Machine (SVM) for Time Series

Support vector machine (SVM) is a supervised machine learning technique, which was originally
developed for linear classification problems. Later in the year 1997, the support vector machine
for regression problems were developed by Vapnik by introducing e-insensitive loss function
(Vapnik, 1997) and it has been extended to the nonlinear regression estimation problems and
modeling of such problems is called as Nonlinear Support Vector Regression (NLSVR) model.
The basic principle involved in NLSVR is to transform the original input time series into a high
dimensional feature space and then build the regression model in a new feature space. Let us
consider a vector of dataset Z = {x; y;}I*, where x; € R™is the input vector, y; is the scalar output
and N is the size of data set. The general equation of Nonlinear Support Vector Regression

estimation function is given as follows;

f)=WT"¢ (x) +b (3)
where ¢(.): Rn— R™ is a nonlinear mapping function which map the original input space into a
higher dimensional feature space vector. WER™ is weight vector, b is bias term and superscript T

denotes the transpose.



Brock-Dechert-Scheinkman (BDS) test for testing nonlinearity

BDS (Brock et al. 1996), test utilizes the concept of spatial correlation from chaos

theory. The computational procedure is given as follows

1) Let the considered time series is
06 =% %, Xy Xy ] (4)

The next step is to specify a value of m (embedding dimension), embed the time series
into m dimensional vectors, by taking each m successive points in the series. This transforms

the series of scalars into a series of vectors with overlapping entries

le = (X, Xyy ey X))
X' = (Xy, Xy vy Xiyg)
()
Xm—m = (Xme ’ XN*m+l’ seny XN)
i) In the third step correlation integral is computed, which measures the spatial correlation

among the points, by adding the number of pairs of points (i, j), where 1<i <N and 1<
J<N , in the m-dimensional space which are “close” in the sense that the points are

within a radius or tolerance ¢ of each other.

1
C.m —mZ'm (6)

i#]
Where lij.= 1if |x" - 7| <&
= 0 otherwise

iii)  If the time series is i.i.d. then Cz m= [Cs1]™

iv) The BDS test statistics is as follows

8DS - INIC, ,—(C.)"] @)

&,m
£,m

Where,
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The choice of m and ¢ depends on number of data. The null hypothesis is data are
independently and identically distributed (i.i.d.) against the alternative hypothesis the data are
not i.i.d. this implies that the time series is non-linearly dependent. BDS test is a two-tailed
test; the null hypothesis should be rejected if the BDS test statistic is greater than or less than

the critical values.
K-Nearest Neighbors (KNN)

The K-Nearest Neighbors (KNN) algorithm is one of the simplest, yet highly effective,
supervised machine learning methods used for both classification and regression tasks. It is a
non-parametric and instance-based learning algorithm, meaning it makes no explicit
assumptions about the underlying data distribution and relies directly on the training data to

make predictions.
The basic idea behind KNN is intuitive:

To predict the class (or value) for a new data point, the algorithm searches for the k training
samples closest to it in the feature space, where “closest” is usually defined using distance

metrics like Euclidean distance, Manhattan distance, or Minkowski distance.

For classification, the algorithm assigns the class label that is most common among these k

neighbors — this is called majority voting.

For regression, the algorithm typically predicts the output as the average (or sometimes the

weighted average) of the output values of the k nearest neighbors.
Advantages of KNN:

e Simple to understand and easy to implement.

e Naturally handles multi-class problems.

e Works well with non-linear data structures and does not require a training phase.



Limitations of KNN:

e Computationally expensive for large datasets, as distance must be calculated for all

training points at prediction time.

e Sensitive to irrelevant features and the choice of distance metric.

e Performance depends strongly on the choice of k (number of neighbors) and feature

scaling.

In time regression applications, KNN can be adapted to forecast future values by comparing

the current pattern to historical patterns and averaging the outcomes of the closest matches.

This approach is often called KNN time series forecasting.

install.packages(“class™) # For KNN classification
install.packages("FNN")  # For KNN regression
library(class)

library(FNN)

# Use the built-in iris dataset

data(iris)

# Split data into training & testing sets
set.seed(123) # For reproducibility

index <- sample(1:nrow(iris), size = 0.7 * nrow(iris))
train_data <- iris[index, ]

test_data <- iris[-index, ]

B oo

B oo

# Prepare predictors & labels
train_X_class <- train_data[, 1:4]
train_Y _class <- train_data$Species
test X _class <- test_data[, 1:4]
test Y class <- test_data$Species

# Normalize features

train_X_class <- scale(train_X_class)

test X class <- scale(test_X class, center = attr(train_X class, "scaled:center"), scale

attr(train_X_class, "scaled:scale™))
# Apply KNN classification (k = 5)
k value <-5

pred Y class <- knn(train = train_X_ class, test = test X class, cl = train_Y _class, k

k_value)
# Confusion Matrix & Accuracy



conf_matrix <- table(Predicted = pred_Y _class, Actual = test_Y _class)
print(conf_matrix)

accuracy <- mean(pred_Y _class ==test_Y_class)
print(paste("Classification Accuracy:", round(accuracy * 100, 2), "%"))
R

B o

# Example: Predict Sepal.Length from other features

train_X reg <- train_data[, 2:4]

train_Y_reg <- train_data$Sepal.Length

test X reg <- test_data[, 2:4]

test Y _reg <- test_data$Sepal.Length

# Normalize features

train_X_reg <- scale(train_X_reg)

test X reg <- scale(test X reg, center = attr(train_X reg, "scaled:center"), scale =
attr(train_X_reg, "scaled:scale™))

# Apply KNN regression (k = 5)

knn_reg <- knn.reg(train = train_X_reg, test = test X reg, y =train_Y _reg, k = k_value)
# Predicted values & RMSE

pred_Y _reg <- knn_reg$pred

rmse <- sgrt(mean((pred_Y _reg - test Y _reg)"2))

print(paste("Regression RMSE:", round(rmse, 3)))

R code to implement ML TS models

nrow(available.packages())

rm(list=1s())

library(forecast)

library(e1071)

library(tseries)

library(ggplot2)

library(tidyverse)

library(fNonlinear)

library(Imtest)

g=read.table(file="rf.txt",header=T)

head(g)

dim(g)

Box.test(g$Rainfall)

rfl=read.table(file="rfl.txt",header=T)

head(rfl)

ggplot(data = rf1, aes(x = Month, y = Rainfall) )+ geom_line(color = "#00AFBB", size = 1) +
labs(x = "Months", y = "Rainfall™) + ggtitle("TS Plot of Monthly Rainfall Data")
bdsTest(g$Rainfall, m = 3, eps = NULL, title = NULL, description = NULL)
dim(g)

al=g$Rainfall[1:1416]

a2=g$Rainfall[1417:1428]

Box.test(al)

acf(al)

pacf(al)

HHHHHHHHA ARIMA Fitting s



ml=auto.arima(al)

coeftest(m1)

accuracy(ml)

Box.test(m1$residuals)

fitted1=m1$fitted

write.csv(as.data.frame(fittedl), file="ARIMA _Fitted.csv")
fl=forecast(m1, h=12)

fl1=data.frame(f1)

f12=f11$Point.Forecast

msell=abs(a2-f12)"2

msel=mean(msell)

rmsel=sqrt(msel)

rmsel

write.csv(as.data.frame(f12), file="ARIMA_Forecasted.csv")
HUHHHHIHHHHHHE ANN S
m2=nnetar(al,6, P=1, 10, repeats=25, xreg=NULL, lambda=NULL, model=NULL,
subset=NULL, scale.inputs=TRUE, maxit=150)

m2

accuracy(mz2)

fitted2=m2$fitted

write.csv(as.data.frame(fitted2), file="ANN_Fitted.csv")
Box.test(m2$residuals)

f2=forecast(m2, h=12)

f21=data.frame(f2)

f22=f21$Point.Forecast

mse21=abs(a2-f22)"2

mse2=mean(mse21)

rmse2=sqrt(mse2)

rmse2

write.csv(as.data.frame(f22), file="ANN_Forecasted.csv")
m3=nnetar(al)

accuracy(ma3)

m3

fitted3=m3$%fitted

f3=forecast(m3, h=12)

f31=data.frame(f3)

f32=f31$Point.Forecast

mse31=abs(a2-f32)"2

mse3=mean(mse31)

rmse3=sqrt(mse3)

rmse3

Box.test(m3$residuals)

write.csv(as.data.frame(fitted2), file="ANN_Fitted.csv")
write.csv(as.data.frame(f32), file="ANN_Forecasted.csv")
HHHHHHHEHHEHHEHHHEE SVR #HHEHHEHHE
X1=g$Rainfall[1:1416]

Y1=g$Rainfall[2:1417]

X2=g$Rainfall[1416:1427]



